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ou 0*u
) =2, B =2,

Ny =7
o (r") =7.

- boundary I' is simply-connected and piecewise smooth,
- function v(-) satisfies the Holder condition in R?,
- function g(-) satisfies the Holder condition in €,

- function % (-) is continuous on I
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Estimation of the first derivatives

We can apply the mean value theorem for the ball B(rg, R):

Agu(r) = Au(r) — k2u(r) = —c(r)u(r) — (v(r), Vu(r)) — g(r).
For " € B(ry, R) we have

a K
u(r') = — ;i (7, 7" uq (r)dS, + / Gy (r,r")g(r)dr
S(ro,R) ' B(rg,R)
b [ ) [l + o <>] .

B(ro,R)

here S = 0B, G/ is non-central Green’s function and v = |v|w.
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The non-central Green’s function for the operator A, in the ball B(rg, R):

K / —
g?“o (T? r ) 47T

1 [sinh {k(R—|r—1'])}
sinh{kR} |r — 1|

here function G(r,r’) is the solution for the following BVP:

] —G(r,1"),

’

AxG(r,r') =0, for |[r —ro| < R;

. 1 [sinh{x(R—|r—1"])}
Gir,r) 4 [ simh {«kR}|r —r'| |’ or | = o]

2\

\

We can solve (3) using spherical coordinates:

Un(K|r — 10|)

G(r,r') =) on(r')Pu(€) o RR)

here £ = cos 6 is a cosine of the angle between (r — ry) and (" — rg), P,(cosf) are

Legendre polynomials, and coefficients o, (r) are the following:

on 4 1 ! | sinh{ﬁ;(R—\/R2+\7“’—7“0|2—2R|r’—7“0|§)}
2 /47T sinh {kR} \/RQ+|T/—T0‘2_2R‘T,_TO‘€

on(1")

—1

Pa(£)dg.
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Vp() = ¢/ —1 ( ), here I ( ) are modified Bessel functions
20 "

The series expansion

noo 7 1
azz 'H2]+1+2k

kzO
The asymptotics

vn(klr —mol) | —ro|”

vp(kR) - R

when Kk — 0.

First functions
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Further we use central functions (i.e. ro = r') for internal BVP:

, Gl o
u, (r') = — / anr(r,r)ul(r)d&%— / Gi(r,r)g(r)dr
S(r',R) ' B(r'",R)
v [ gt oI 22 + efryun(r)] d
o(r, 5, (1) +lr)u(r) | dr,
B(r',R) (A)
D)
Ou,, , "0 (0G" R oG,
) == [ 2 (52)eruens e [ e
S(r'.R) B(r'",R)
8g/€ (9U1
) (1o )+ clrur)| @
B(r',R) (\r)

, ’LL1<T>, 7 =0;
CWWUWﬁ{Rm&L = U=KU+G.
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Let us denote p = |r — r'|; D(p) = kpcosh{k(R — p)} + sinh{x(R — p)};

i)
Central (r — 7¢) Green’s function in the ball B(r', R):

lrr) = (ulr')w) = (=),

Gi(r,r') = Sihp{;sf {; }%} = Fy(r,1") - C01<2R> i
Central normal derivative (i. ¢. » — 7o and |1 — | = R)
%ff’ (r, 7" . _ _47332 VO(iR) = —Fy(r,r') - Coo(kR).
(7(2’ (gif) () e _47? Z Vl(:R) = —Fslrr)- 3010(2}%)%
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1 6 volz) — 1
C = C :
o T TG
T 4 to(z) — 1
C = C = — |t —
10(®) 3v1(x)’ u(®) 3 [0(:6) zvy () ] ’
sinh(x 1 sinh(x tanh(x /2
V() = :z:( >, vi(x) = - (cosh(x) — x( >> , to(z) = x</2/ ),
6 2
Let p§ + p{ = 1 and ¢y = const < o then p(r) =1 — ft (r) e (0,1).
We can use “Random Walk by Sp‘he]fnélsa énd Balls” Algorithm to solve the equation
U=KU+G
randor‘nrization
Y
e ( [ FalryrU(.0) Qulr') S, + G )/o(r)
5(r) weights
—p(r)) | F PSU(r", 1) Q5 (r, ") +piU (17, 0) Q5 (1, 7)) dr”.
B(r) \“,_/ N —’

weights weights
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The estimator €9 =((rg, 0) for the function u(ry), and the estimator 0 —¢ (10, 1)
R(To) ou

for the function (19) have the following recurrent forms:

Ow
( G ( G
QOOg(l) + ) P = 2 Qlog(l) + —wa P = 2
o o P I .
mew ; P = (1 - p)P13 “ 11€w 3 P = (1 - p)pl;
Qg™ P = (1—p)pj; L Q5p€™, P = (1—p)pj;
R 0
Here €W and £ are estimators for u(ry) and (;”1) au(ﬁ), respectively.
W
3lv(ry)] (1)) 3lv(ry)
¢ — R ES , here p., = +c(71)];
pl R<T1>pcv pO Dew p R(Tl) | < 1) ‘
awClo c 3CLWC<T1)011 c 9aw\v(r1)\011
ry, T — T N ry,Tr — ) ry, T — )
Qm( : 0> p(To) 10( : O> 2p5Co 11( : O> QPfcoR(Tl)
C c(r)C 3lv(ry)|C
Qoo(ﬁ;%) - ; QSO(H,TO) — ( 1> 01, Q81<""17"“0) = | ( 1)| &

p(ro) PHCo picoR(ry)



MCQMC-2010 9

Theorem 1 Let the first derivatives of u(r) to be bounded in ), —c* is the first
eigen value of Laplacian in ) and for any r € €):

6
Qi1 <1, ¢y < —c" ~=0.6079¢",
77

then there exists the unique solution of the integral equation U = KU 4+ G and

U(r0) = u(r), U1 = B0
where u(r) is the solution of initial differential problem. Moreover
R(r)o
u(r) — EC(r,0)] < Cle, ‘ <r>a—z ~E((r, 1>| <G, >0, req.

Theorem 2 Let y = x/v/c* and

@< min il I — - idad sin(z) :
c* zefon] |’ sinh(yx) T

then V(. < Cy < +o00 Ve > 0.
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Estimation of the second derivatives (x = 0)

Green’s function

e :
i dilr — 1!  Awlr — 1y

o TO‘Q(T — 7o) — (r' — r0)|

Let us denote

Flu,r) = er)ulr) + (o), Vulr)) + g(r), ai = cos(r — ', e1), oy = 0% — %)

2 I
here ¢;; is the Kronecker delta. Note that |a;] <1 and |¢;;| < 1.
0%u 0> (90G, 0%g
ox'.x! / Or'x (31’1 ) (rrJu(r)ds: + 0:17’;’. (r, 7)F (u, r)dr
’ ' B(T()?R) T
(991 / ﬁf(u, 7“) (9g1 /
dr — ry ©1 dr.
+ o (7,7 9. r o (7, 7 ) F(u, r) cos(n,, e;)dr

B(ry,R) S(ro,R)
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We use the following functions in the integral representations of u(r’), %(T’ ), %
7 Ji
1 1 1] R
0 / /
I\ — — —=| =—"F ) )
Gyu(r,7") A [\’r—r’| R] 6 o(r;7)
oGY . a 1 [ — 7| 3R
r — ? o = q,— - F /
o' (r,7) A [\7"—7“’|2 R3 ] 4y 1,7,
8292 2
833;[6; (Ta Tl) — _gclj ) F2<T, T,)a
0
&i} (r,r") =a;- Fs(r,r") = a;R - F5(r, "),
J
agrol / 1 /
- (r,r') = =i Fs(r,r'),
8 agg/ CLZ' 3 3
oz (8nr) () = wRPR - 'R Fsr.r),

11

(7):
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R? 0?
The estimator fj(-(.)) for the function 1((’;“0) &I:jgxi (10):
(G . St P =p;
p P
—a,a, [%f(” +) qkﬁg)] , P =p, =3(1—p)/15
< 3]-6:1
—cij | @t + > ag | P =p, =4(1—p)/25
15R - ° &
1 1 1
A= qoi€ ™ + qoo)” + > ai€y + > aroly, |, P= Pp, = 6(1 —p)/25.
\ k=1 k=1
fl ( ; ;
L 8oy, R
o_ )P P O _ )Py P :
S Qe P=(1-pps; S cetl, P = (1—p)pj;
\ngg(l)a P = (1 o p)p(c)a \ch() (1)7 P= (1 o p>p8
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c(r1 3vi(r Cy.(11)

Qo = ( >; q; = ‘7<1>;q(n=—;
Co R(T;[)C() Cp

3c(r) Jup,(r1)  10u;(r)

G0 = 575 Gi = B 40 = Ty
R<T1>CQ /! R(T1>CO / Rz(Tl)Co
We introduce probabilities py, pr; and weights Qj, Qx; such as

qr = QrPr, ;i = QriDij,

3 3
Y oi=1, > (pri+pro) =
k=0 k=0

Theorem 3 Let the second derivatives of u(r) to be bounded in ) and

Q] <1, Q| < 1.
RQ(TQ> (?2u
10 (933]8332 (T())'

Moreover, under the hypothesis of theorem 2, the wvariance of f;?) 1$ bounded
Ve > 0.

Under the hypothesis of theorem 1, f}?) 15 e-brased estimator for
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Polynomial summand

Au(r) — k*u(r) + u"(r) = 0, u‘r =, n>2,

(5 (”COMR), P = p; razf (1)010(%3)7 P = p;
p 0) p
&0 =11 & =9 [o
[[en]| S p_y | [ e | 2 t) - p
| L=t Co \ o1 QRCO

here R = R(rg), p =1 — coR? /6.

Theorem 4 If ¢ > 1 and 1 < ¢y < 6¢* /72, then

B = u(rg) and EE” = g; (o).

Under the hypothesis of theorem 2 the variances are bounded.
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c(r) = sin (x— Y ) o(r) = (R(r)/3,0,0), k= 2.12.

z + 2

Table 1 shows the numerical results obtained at the point ry = (—0.25, 0.50, 0.88).
These numerical results confirm the predicted error order O(e + M~1/2).

Table 1: The total and statistical errors of the estimator (. for the solution wu(ry) =

—0.26273362 and the gradient gradu(rg) = (1.05093449, —0.26273362, —0.24943491).
The parameter ¢y = 4.0.

Mo 5t 2 foruiy BN Mo o 28 50 ) BN

VM vM Oz
10° 1072 (4.973 &£ 7.887) - 10~% 10.38| 10* 1073 (2.461 £0.213) - 1072 17.80
107 107 (2.295 4 8.006) - 107 17.84| 10° 10~* (2.059 £0.211) - 10™% 25.23

7(9) for %(ro) EN | M ¢ or £ 7(9) for %O“o) EN

VM 0Oy VM 0z
101 107 (3.048 &2 0.211) - 1072 17.80| 10* 1073 (5.770 £ 0.203) - 1072 17.80
105 107* (2,970 42 0.210) - 1072 25.23| 10° 10~* (3.020 £ 0.205) - 10™% 25.23

M ¢ 5T:|:
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