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Fractional Function Spaces (s = 1)
Let a € (0,1], p>a~ ! (iff p'(1 — ) < 1).
Hop = {f‘ﬂfeLp,ElceR:f:c+ﬁ/ogﬂf(t)(-—t)"‘1dt}.

f € Ha,p Holder continuous with exponent o« — 1/p and f(0) = c.

Fractional derivative of order o € (0, 1) (Riemann-Liouville)

d*f(x)

dax>

1 d [*
= — t —t)odt 1
e ARLOICE T Y
Modified differential operator

4 (1) — 1(0)

D f(t) = R

Then f = D“f.



Fractional Function Spaces (s > 1)
S:={1,2,...,s}.

Hasp = {f|Vu € S3fu € Lp([0,1]") : f = O((fu)ucs)},

B(Fuhues)0 = YL@ [ futen) [l - 15" dtu

uCS [0,1]1! jcu

1/p
[ flla,s.p = (Z P(O‘)_puanZuHiP([OJ]u))

uCS
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Fractional Koksma Hlawka Inequality

X :: {XO’X];""7XN71} C [0, 1]5.

N—
Aq(tu,u, X) =a M (1 - 1) - Z | J (G2
n=0 j€u

JEU
Fractional discrepancy
1/q

i.,P = % / A (tu,u, P)|7 d,
pucs ” 0,11

Theorem [Dick 08]. Let s > 1,0 <a <1, p>a~t. Then for any
f € Ha,s,p we have

N-—

< DG s (XN f s,
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Fractional Koksma Hlawka (In-)Equality is Sharp

X = {XQ,Xl, . ,XN,1} C [0, 1]8.
Worst-case error of quasi-Monte Carlo integration

e""(X, Ha,s,p) := sup
1flla,s,p<1

1
/MS flx)dx — — > fxn)]-

Theorem. Let se N, 0<a<1,p>at For X C[0,1]* we have

e X, Has.p) = Dy 5 (X).
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Besov Spaces (s = 1)

For f € L,([0,1]), 1 <p < 00, and 0 < § < 1 define the integral
modulus of continuity

h<s

1-h 1/p
wp(f,d) == sup (/0 |f($+h)—f($)|pd$> -

Besov space for a € (0, 1)
Byq=A{f € Ly[lfllzg, < oo},

where
1/q

1 fllBe, = fllz, + ijo‘qu(f, b=7)1

Jj=0

Theorem. Let p € [1,00) and « € (1/2,1). Then we have the

. , N o
continuous embeddings B . o oy = Hap = By oip2)-
In particular,

BS,Q >~ HQ’Q.
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Haar Wavelet Spaces (s = 1)

{wf,k}j,k,i orthonormal Haar wavelet basis of Ly([0, 1]).

Each ¢, supported on [b=7k, b~/ (k +1)).

Haar wavelet space
Huwav,a,p = {f € L1 || flwav,a,p < 00},

where

oo

||f||€vav,a,p = Z bjap Z Z |<f7 %{QLJP-

7=0 kEAJ‘71 i€V,
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Embedding the Fractional Space into the
Wavelet Space

Theorem. For o € (0,1) the Besov space BS', is continuously
embedded in the Haar wavelet space Hyav,a,2. More precisely,

[fllwav.e.2 < 2V1 402 fllBg, forall f e Bj,.

Corollary. For a € (0,1) the fractional space Hq 2 is continuously
embedded in the Haar wavelet space Hyav,q,2, i.€., there exists
C > 0 such that

||f||wav7a,2 <C HfHaQ for f € Ha2.
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el  Haar Wavelet Spaces (s > 1)

s-dimensional wavelet functions: W) ik = ®p lw%ke

s-variate wavelet space
Huwav,a,s,p = {f € L1([0,1]°) [ | fllwav,a,5.p < 00},

where

||f||€vav,a,s,p = Z Z Z Z | [ L2|p
L=0

lili=L k€A;_1 i€V}

Corollary. Let @ € (1/2,1). Ha,s,2 is continuously embedded in
Hwav.a.s.2. In particular, there exists C > 0 such that

[ fllwav,a,s,2 < C°[| flla,s,2 forall f & Haysz2,
and for each set of points P C [0, 1]

ewor(P7 Hoz,s,Q) S OS ewor(P’ Hwav,a,s,Q)-
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Quasi-Monte Carlo Integration Points (s > 1)

X (t,L +t,s)-net in base b, N := | X|=b"L~t

QSL Zf

xeX

Theorem. a > 1/2, p € [1,00). There exists C' > 0 such that

€ (Qu.s Husav,asp) < ON~OH21/00 109 (V)57
In particular,

ewor(Q&L’ Hwav,a,s72) < CN™“ 1Og(N)%l .

Corollary. o € (1/2,1). Then

D% 5(X) = €"(Qs,1, Hays,2) < CN~“log(N) = .
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Previously Known Results

X (t,L+t,s)-net in base b, N := | X|=b"L~t.

QSL Zf

xEX

Theorem|[Heinrich, Hickernell, Yue'04]. o > 1/2.

IMSscr ewor( ;?27 Hwav,a,s,?) S O(Nia IOg(N)%)

Lower bound for arbitrary quadratures ) with N integration points:

ewor(Q’ Hwav7a,s72) > Q(N_a log(N)%) .

Theorem[Entacher'97]. o > 1/2.

" (Qs, 1, Hyav,a,s,00) < O(N™@7Y/D Jog(N)*71).
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Thank you for your attention!
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Haar Wavelet Spaces (s = 1)

b>2. Let p:=1j),

ol (z) = b2z — k), jeNg k=0,1,...,0" — 1.
V7 = span{y] |k € A;}. Then VO c V1 C - C Ly([0,1]).
WO:=V%and Wi @ Vi~ =V7  for j e N. Put ¢, := .
Let {40, %1, ...,%p_2} be orthonormal base of W?. Then

(@) =02y e — k) jEN ke Ay, i€V,

othonormal basis of W7,
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Want to show

[ v < C L IFIZ, + D6 %wa(f,077)°

Jj=0

Proof idea:

e If P; orthogonal projection onto V7, then P; — P;_; orthogonal
projection onto W7. Hence

oo

1F a2 = D U* (P = Pim1)f 112,

Jj=0

o (P = Pi-)fllL, <2(1Pf = fIIL, + I1P—1f = fIIL,)-
e Jackson-type estimate:

meA If —vllo, <2Y2wa(f,077) for f e Ly([0,1]), j € No.
veVJ
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Net Quadratures on Wavelet Spaces

Proof idea: Approximation and Wavelet space of level L

el .= Z ®j_ V7 and put W' = @5 ®j_, W
lil=L

Then V&L = VL=t g WL for L € N.

(t,L +t,s)-net X is exact on VL. Thus

ewor(Qs,L; wav,s, 2 Z Z Z b_QO‘ml Q L(\I’.: k))Q-

|J\1 L+1KEA;_1 i€V,
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