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Fractional
Discrepancy Fractional Function Spaces (s = 1)

Let α ∈ (0, 1], p > α−1 (iff p′(1 − α) < 1).

Hα,p :=

{

f

∣

∣

∣

∣

∃f̃ ∈ Lp, ∃c ∈ R : f = c+
1

Γ(α)

∫ x

0

f̃(t)(· − t)α−1 dt

}

.

f ∈ Hα,p Hölder continuous with exponent α− 1/p and f(0) = c.

Fractional derivative of order α ∈ (0, 1) (Riemann-Liouville)

dαf(x)

dxα
=

1

Γ(1 − α)

d

dx

∫ x

0

f(t)(x− t)−α dt, (1)

Modified differential operator

Dαf(t) =
dα(f(t) − f(0))

dtα
.

Then f̃ = Dαf .
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Fractional Function Spaces (s ≥ 1)

S := {1, 2, . . . , s}.

Hα,s,p := {f | ∀u ⊆ S ∃f̃u ∈ Lp([0, 1]|u|) : f = Φ((f̃u)u⊆S)},

where

Φ((f̃u)u⊆S)(x) :=
∑

u⊆S

Γ(α)−|u|

∫

[0,1]|u|

f̃u(tu)
∏

j∈u

(xj − tj)
α−1
+ dtu.

‖f‖α,s,p :=





∑

u⊆S

Γ(α)−p|u|‖f̃u‖
p
Lp([0,1]|u|)





1/p

3 / 15



Fractional
Discrepancy Fractional Koksma Hlawka Inequality

X := {x0,x1, . . . ,xN−1} ⊂ [0, 1]s.

∆α(tu, u,X) = α−|u|
∏

j∈u

(1 − tj)
α −

1

N

N−1
∑

n=0

∏

j∈u

(xn,j − tj)
α−1
+ .

Fractional discrepancy

D∗
α,s,q(P ) =





∑

∅6=u⊆S

∫

[0,1]|u|

|∆α(tu, u, P )|q dtu





1/q

Theorem [Dick 08]. Let s ≥ 1, 0 < α ≤ 1, p > α−1. Then for any
f ∈ Hα,s,p we have

∣

∣

∣

∣

∣

∫

[0,1]s
f(t) dt −

1

N

N−1
∑

n=0

f(xn)

∣

∣

∣

∣

∣

≤ D∗
α,s,p′(X)‖f‖α,s,p.
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Fractional Koksma Hlawka (In-)Equality is Sharp

X := {x0,x1, . . . ,xN−1} ⊂ [0, 1]s.

Worst-case error of quasi-Monte Carlo integration

ewor(X,Hα,s,p) := sup
‖f‖α,s,p≤1

∣

∣

∣

∣

∣

∫

[0,1]s
f(x) dx −

1

N

N−1
∑

n=0

f(xn)

∣

∣

∣

∣

∣

.

Theorem. Let s ∈ N, 0 < α ≤ 1, p > α−1. For X ⊂ [0, 1]s we have

ewor(X,Hα,s,p) = D∗
α,s,p′(X).
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Fractional
Discrepancy Besov Spaces (s = 1)

For f ∈ Lp([0, 1]), 1 ≤ p <∞, and 0 < δ < 1 define the integral
modulus of continuity

ωp(f, δ) := sup
h≤δ

(

∫ 1−h

0

|f(x+ h) − f(x)|pdx

)1/p

.

Besov space for α ∈ (0, 1)

Bα
p,q := {f ∈ Lp | ‖f‖Bα

p,q
<∞},

where

‖f‖Bα
p,q

:= ‖f‖Lp
+





∞
∑

j=0

bjαqωp(f, b
−j)q





1/q

.

Theorem. Let p ∈ [1,∞) and α ∈ (1/2, 1). Then we have the
continuous embeddings Bα

p,min{p,2} →֒ Hα,p →֒ Bα
p,max{p,2}.

In particular,
Bα

2,2 ≃ Hα,2.
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Haar Wavelet Spaces (s = 1)

{ψj
i,k}j,k,i orthonormal Haar wavelet basis of L2([0, 1]).

Each ψj
i,k supported on [b−jk, b−j(k + 1)).

Haar wavelet space

Hwav,α,p := {f ∈ L1 | ‖f‖wav,α,p <∞},

where

‖f‖p
wav,α,p :=

∞
∑

j=0

bjαp
∑

k∈∆j−1

∑

i∈∇j

|〈f, ψj
i,k〉L2

|p.
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Embedding the Fractional Space into the
Wavelet Space

Theorem. For α ∈ (0, 1) the Besov space Bα
2,2 is continuously

embedded in the Haar wavelet space Hwav,α,2. More precisely,

‖f‖wav,α,2 ≤ 2
√

1 + b2α ‖f‖Bα
2,2

for all f ∈ Bα
2,2.

Corollary. For α ∈ (0, 1) the fractional space Hα,2 is continuously
embedded in the Haar wavelet space Hwav,α,2, i.e., there exists
C > 0 such that

‖f‖wav,α,2 ≤ C ‖f‖α,2 for f ∈ Hα,2.
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Fractional
Discrepancy Haar Wavelet Spaces (s ≥ 1)

s-dimensional wavelet functions: Ψj
i,k := ⊗s

ℓ=1ψ
jℓ

iℓ,kℓ
.

s-variate wavelet space

Hwav,α,s,p := {f ∈ L1([0, 1]s) | ‖f‖wav,α,s,p <∞},

where

‖f‖p
wav,α,s,p :=

∞
∑

L=0

bLαp
∑

|j|1=L

∑

k∈∆j−1

∑

i∈∇j

|〈f,Ψj
i,k〉L2

|p.

Corollary. Let α ∈ (1/2, 1). Hα,s,2 is continuously embedded in
Hwav,α,s,2. In particular, there exists C > 0 such that

‖f‖wav,α,s,2 ≤ Cs‖f‖α,s,2 for all f ∈ Hα,s,2,

and for each set of points P ⊂ [0, 1]

ewor(P,Hα,s,2) ≤ Cs ewor(P,Hwav,α,s,2).
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Fractional
Discrepancy Quasi-Monte Carlo Integration Points (s ≥ 1)

X (t, L+ t, s)-net in base b, N := |X | = b−L−t.

Qs,L(f) =
1

N

∑

x∈X

f(x).

Theorem. α > 1/2, p ∈ [1,∞). There exists C > 0 such that

ewor(Qs,L,Hwav,α,s,p) ≤ CN−(α+1/2−1/p′) log(N)
s−1

p′ .

In particular,

ewor(Qs,L,Hwav,α,s,2) ≤ CN−α log(N)
s−1

2 .

Corollary. α ∈ (1/2, 1). Then

D∗
α,s,2(X) = ewor(Qs,L,Hα,s,2) ≤ CN−α log(N)

s−1

2 .
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Fractional
Discrepancy Previously Known Results

X (t, L+ t, s)-net in base b, N := |X | = b−L−t.

Qs,L(f) =
1

N

∑

x∈X

f(x).

Theorem[Heinrich, Hickernell, Yue’04]. α > 1/2.

rmsscr e
wor(Qscr

s,L,Hwav,α,s,2) ≤ O
(

N−α log(N)
s−1

2

)

.

Lower bound for arbitrary quadratures Q with N integration points:

ewor(Q,Hwav,α,s,2) ≥ Ω
(

N−α log(N)
s−1

2

)

.

Theorem[Entacher’97]. α > 1/2.

ewor(Qs,L,Hwav,α,s,∞) ≤ O
(

N−(α−1/2) log(N)s−1
)

.
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Thank you for your attention!
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Haar Wavelet Spaces (s = 1)

b ≥ 2. Let ϕ := 1[0,1),

ϕj
k(x) := bj/2ϕ(bjx− k), j ∈ N0, k = 0, 1, . . . , bj − 1.

V j := span{ϕj
k | k ∈ ∆j}. Then V 0 ⊂ V 1 ⊂ · · · ⊂ L2([0, 1]).

W 0 := V 0 and W j ⊕ V j−1 = V j for j ∈ N. Put ψ0
0,0 := ϕ.

Let {ψ0, ψ1, . . . , ψb−2} be orthonormal base of W 1. Then

ψj
i,k(x) := b(j−1)/2ψi(b

j−1x− k) j ∈ N, k ∈ ∆j−1, i ∈ ∇j ,

othonormal basis of W j .
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Fractional
Discrepancy Embedding the Besov into the Wavelet Space

Want to show

‖f‖2
wav,α,2 ≤ C



‖f‖2
L2

+

∞
∑

j=0

b2jαω2(f, b
−j)2



 .

Proof idea:

• If Pj orthogonal projection onto V j , then Pj − Pj−1 orthogonal
projection onto W j . Hence

‖f‖2
wav,α,2 =

∞
∑

j=0

b2αj‖(Pj − Pj−1)f‖
2
L2
.

• ‖(Pj − Pj−1)f‖
2
L2

≤ 2(‖Pjf − f‖2
L2

+ ‖Pj−1f − f‖2
L2

).

• Jackson-type estimate:

inf
v∈V j

‖f − v‖L2
≤ 21/2 ω2(f, b

−j) for f ∈ L2([0, 1]), j ∈ N0.
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Net Quadratures on Wavelet Spaces

Proof idea: Approximation and Wavelet space of level L

V s,L :=
∑

|j|=L

⊗s
ℓ=1V

jℓ and put W s,L := ⊕|j|=L ⊗s
ℓ=1 W

jℓ .

Then V s,L = V s,L−1 ⊕W s,L for L ∈ N.

(t, L+ t, s)-net X is exact on V s,L. Thus

ewor(Qs,L,Hwav,s,2) ≤

∞
∑

|j|1=L+1

∑

k∈∆j−1

∑

i∈∇j

b−2α|j|1(Qs,L(Ψj
i,k))2.
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