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@ General Problem.
Let X = X(¢),0 <t <1, be a random process attaining values in

some Banach space E, in most cases E = L[0,1] or C[0, 1].
For £ > 0 consider the small deviation probabilities on the log —level,

¢(e) = ox(e) := —logP (| X[|p <€)

and determine the asymptotic behaviour as ¢ — 0.
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@ General Problem.
Let X = X(¢),0 <t <1, be arandom process attaining values in
some Banach space E, in most cases E = L[0,1] or C[0, 1].
For £ > 0 consider the small deviation probabilities on the log —level,

¢(e) = ¢x(e) := —logP (|| X |z <€)
and determine the asymptotic behaviour as ¢ — 0.

@ Applications in probability and analysis.
- law of the iterated logarithm of Chung type
- strong limit laws in statistics
- quantization (approximation) of stochastic processes
- metric entropy of linear operators
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Consider the family of centered Gaussian processes X, 5(t),t >0,
defined by the covariance function

22ﬁ+1(ts)a
K(t,s) :=EXqp(t) Xas(s) = m :
Special problem.

(posed at the Workshop in Palo Alto, December 2008)

Find the small deviation rates of the processes X, g w.r.t. the
— Ly norm, if @ >0and —1/2 < f < «

—sup norm, if a > (G +1/2>0.

Remark. The conditions on «, 3 are best possible to ensure that the
sample paths of the process X, 5(t) are almost surely in L2[0, 1],
respectively in C[0, 1].

The main tool for answering this question is the close relation to
metric entropy.
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and Kolmogorov's e—entropy by H(K,e) =logy N(K,¢).
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@ For a subset K of a metric space (E,d) we define its
entropy numbers and covering numbers

en(K) = inf{e > 0: K can be covered by n balls of radius £}
N(K,e) = min{n € N: K can be covered by n balls of radius ¢}

and Kolmogorov's e—entropy by H(K,e) =logy N(K,¢).

@ The (dyadic) entropy numbers of an operator T': X — Y between
Banach spaces are defined as
en(T) = egn—1(T(Bx)) (Bx = closed unit ball of X).

@ Remark. A set K is relatively compact <= lim ¢,(K) =0

n—oo
An operator T' is compact <= lim e, (T) = 0.
n—oo
~ The asymptotic behaviour of these quantities is a measure for the
"degree” of compactness of sets/operators.
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@ Let E be a real separable Banach space with dual E’. A Borel
measure 1 on F is called Gaussian, if all one-dimensional image
measures ft, = a~ ' oy, a € E’, are centered Gaussian on R.

@ 1 is uniquely determined by each of the following quantities:
— characteristic function fi(a) := 5 @) dy(x),a € E'
— covariance operator R : E' — E, Ra := | za(z)du(z)
E

Bochner integral

- RKHS H,,, i.e. the completion of R(E’) w.r.t. the inner product
(Ra, Rb),, / a(2)b(z) du(z), abe E
E

o~ fi(a) = exp(—5(Ra, Ra),) = exp(—5]|SalF)
for some operator S : H — E, where H is a Hilbert space.
~  R=_8S5 and S(Bp) is dense in the unit ball K, of H,,.
Consequently, both sets have the same e—entropy
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@ Translation to processes. Let X be a Gaussian process that attains
values in E and is related to an operator S : H — F via

(*)  EY) = exp(—3]Sal?),a € E'.
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o Theorem 1. Let @ > 0 and —1/2 < 3 < . Then

1
—logP (/ Xop(t)?dt < 52) ~ (logl/e)® ase—0.
0



From our previous considerations it is clear that Theorem 1 is a
consequence of the following

Proposition 2. For a > 3 > —1/2, the entropy numbers of the operator
S Lof0,00) — L2[0, 1] given by (**) satisfy

—logen(S) ~ ¥/n asn— co.



From our previous considerations it is clear that Theorem 1 is a
consequence of the following

Proposition 2. For a > 3 > —1/2, the entropy numbers of the operator
S Lof0,00) — L2[0, 1] given by (**) satisfy

—logen(S) ~ ¥/n asn— co.
Sketch of proof. The operator T':= 55" : Ly[0, 1] — L[0, 1] is given by

1 7)o
TH@ =T+ [,

The singular numbers of 7" are known (Laptev 1974),
—log sy (T) ~ 2m+/(a — B)n  (strong equivalence =),
and from s, (T) = 5,(S5)? we get, with ¢ = m/a — 3,

—log sp(S) ~ cv/n.
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(a special case of results in Gordon-Kénig Schiitt 1987),

(2_k/”(01 - -Un)l/”) < epr1(Dy) < 681;{1) (Q_k/”(al e Un)l/”> .

klog2 ¢ -
— log e (S) =~ sup & —I-*Z\ﬁ

sup
n>1

In our case:

n>1 n n -
- ]:1
~ sup <klog2 + <. 2n3/2> .
n>1 n n 3

Finally we optimize over n. Taking n ~ k2/3 we get
—logex(S) ~ k/?

Remark. The proof gives even the exact small deviation constant ,

o logP(|Xopla<e) 1
e—0 (log1/e)3 3(a—p)m2’
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@ Theorem 3. Let & > 4+ 1/2 > 0. Then

—logP ( sup |Xq5(t)] < 5) ~ (log1/e)® ase—0.
0<t<1
@ Using again the "entropy connection”, it is enough to show

Proposition 4. Let a > 3+ 1/2 > 0, and let the operator
S : L2[0,00) — C|0, 1] be given by

(Sf)(t) =t¢ /Ooozvﬂe_mtf(:v) dx .

Then
—log en (S : L]0, 00) — C[0,1]) ~ n'/3 .



The proof of the upper bound is simple. Obviously
en(S : L2[0,00) — C[0,1]) > en(S : L2[0,00) — L2[0,1]),
and Proposition 2 gives immediately

—logen(S : Ly — C[0,1]) < —logen(S : L — Ly[0,1]) ~ n'/3.
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en(S : L2[0,00) — C[0,1]) > en(S : L2[0,00) — L2[0,1]),
and Proposition 2 gives immediately
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The proof of the lower bound is less trivial. Starting point is the
observation that S maps L2[0, c0) even into a smaller space than C[0, 1],
namely the Holder space C*[0, 1] where A = min(a — 3 — 1/2,1/2).

It consists of all functions f € C[0, 1] with finite norm

lovon = s LIZE L sup 1700,

<s<t<1 |t —sP 0<t<1

But how can we take advantage of this fact? The answer is given by the
following result, which might be of independent interest.
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a Banach space and 0 < A < 1. Then, for some ¢ > 0 and all n € N,

en(T [ D= C’[O7 1]) < Cen(T N N L2[0’ 1]))\/()\+1/2)

Ingredients of the proof. We use the smoothing/averaging operators
Ps : L»[0,1] — C]0, 1],

1
f
115t Ji;00)
over "moving” intervals I5(t) = [t — d,t + 6] N [0, 1],

Psf(t) = (z) dx
for which we have the simple norm estimates

1Ps = L2[0,1] — C[0, 1] < 671/2
|id — P5 : C*[0,1] — C[0,1]|] < &*
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By elementary properties of entropy numbers we obtain

en(T:E—C)<epn(PsT:E—C)+||T—-FT:E—C|
S en(TE—>L2)||P5 : LQ —)CH
+|T: E — C*|||jid — Ps : C* — C|

<en(T:E—Ly) -6 Y24 ||T: E— |-
Finally, for large enough n we can optimize ¢ and obtain the result. [
Open question.

L — log P (Supogtgl | Xa,p(t)| < 5)
11m

=77
e—0 (log1/e)3
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