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Introduction

Outline

Introduction

The stochastic exponential exp (Bt — %t) solves the Doléans-Dade
SDE
dSt - StdBt B 50 - 1

in terms of the Itd integral.
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Introduction

Outline

Introduction

The stochastic exponential exp (Bt — %t) solves the Doléans-Dade
SDE
dSt - StdBt B 50 - 1

in terms of the Itd integral.

For a fractional Brownian motion B} the exponential

exp (B,_f" — %tQH) generalizes the stochastic exponential and solves
the fractional Doléans-Dade SDE

dS; = S;d°BH | Sy =1

in terms of the fractional Wick-1td integral.
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Introduction

Outline

There is the representation

1 1 ,
exp <B:’l — 2t2H) =: exp® (BtH> = Z E(Bﬁ ©

where ¢ denotes the Wick product.
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Introduction
Outline

There is the representation

o0

exp <BH ; 2H) _. exp°( ) Z% BHyen

n=0

where ¢ denotes the Wick product.
More generally, we consider a linear system of SDEs,

dX; = (At X + A Y:) d°BY, Xy = xo,

o nH (1)
dYt:(let—i-BzYt)d Bt s Yozyg.
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Introduction

Outline

There is the representation

1 1 ,
exp <B:’l — 2t2H) =: exp® (BtH> = Z E(Bﬁ ©
where ¢ denotes the Wick product.

More generally, we consider a linear system of SDEs,

dX; = (At X + A Y:) d°BY, Xy = xo,

o nH (1)
dYt:(let—i-BzYt)d Bt s Yozyg.

One can obtain Wick power series expansions for the solution of
this system, too.
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Introduction

Outline

There is the representation

1 1 ,
exp <B:’l — 2t2H) =: exp® (BtH> = Z E(Bﬁ ©

where ¢ denotes the Wick product.
More generally, we consider a linear system of SDEs,
dX; = (M Xe + A Y:) d°Bf,  Xo = xo,

o nH (1)
dYt:(let—i-BzYt)d Bt s Yozyg.

One can obtain Wick power series expansions for the solution of
this system, too.

Approximate the solution of 1.
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Preliminaries Fractional Brownian motion and Sottinens approximation
Wick product
Wick analytic functionals

Fractional Brownian motion

Definition

A fractional Brownian motion (fBM) B" with Hurst parameter
H € (0,1) is a continuous zero mean Gaussian process in R with
stationary increments and covariance function

1
E[BL'BY = 5 (12 + s — |t — s*)
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Preliminaries Fractional Brownian motion and Sottinens approximation
Wick product
Wick analytic functionals

Fractional Brownian motion

Definition

A fractional Brownian motion (fBM) B" with Hurst parameter
H € (0,1) is a continuous zero mean Gaussian process in R with
stationary increments and covariance function

1
E[BL'BY = 5 (12 + s — |t — s*)

m B! is not a semimartingale for H # %
m Long range dependence for H € (1, 1).
m We consider only H € (3,1).
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Preliminaries Fractional Brownian motion and Sottinens approximation
Wick product

Wick analytic functionals

Representation on the interval [0, 1] based on works by Molchan
and Golosov (cf. Nualart):

t
BH = / z(t, s)dBs
0

with the deterministic kernel

NI
—
<
n
~—
iy
N
Q
<

Loy [
z(t,s) = cu(H — 5)52 u
S

with the constant

where I is the Gamma function and z(t,s) = 0 whenever t <'s.
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Preliminaries Fractional Brownian motion and Sottinens approximation
Wick product
Wick analytic functionals

Sottinens approximation

m Donsker's theorem: B( = ZL"t &' converges weakly to
a Brownian motion, where & are iid. with

PEP=1) = P& = ~1) = }.
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Preliminaries Fractional Brownian motion and Sottinens approximation
Wick product

Wick analytic functionals

Sottinens approximation

m Donsker's theorem: B( = f Z 5;’ converges weakly to
a Brownian motion, where & are i d with

PEP=1) = P& = ~1) = }.

Theorem (Sottinen 2001)
If 2"(t,s) := nfl1z( L';tJ ,u)du, then

[nt]

/ 20)(¢, 5)dB = Z/ dT 2)

converges weakly to a fractional Brownian motion (B} )eefo,1]-
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Preliminaries Fractional Brownian motion and Sottinens approximation
Wick product
Wick analytic functionals

Wick produckt

For a zero mean Gaussian random variable ® the Wick
exponential is defined as

oxp° (¢) = exp (&~ JE[[0P])
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Preliminaries Fractional Brownian motion and Sottinens approximation
Wick product
Wick analytic functionals

Wick produckt

For a zero mean Gaussian random variable ® the Wick
exponential is defined as

oxp° (¢) = exp (&~ JE[[0P])

Let ® and W be zero mean Gaussian random variables. The Wick
product ¢ of two Wick exponentials is defined by

exp® (P) o exp® (V) := exp® (¢ + V)
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Preliminaries Fractional Brownian motion and Sottinens approximation
Wick product
Wick analytic functionals

Wick produckt

For a zero mean Gaussian random variable ® the Wick
exponential is defined as

oxp° (¢) = exp (&~ JE[[0P])

Let ® and W be zero mean Gaussian random variables. The Wick
product ¢ of two Wick exponentials is defined by

exp® (P) o exp® (V) := exp® (¢ + V)

m ¢ can be extended to a larger class of random elements by
density arguments.
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Preliminaries Fractional Brownian motion and Sottinens approximation
Wick product
Wick analytic functionals

Wick produckt

For a zero mean Gaussian random variable ® the Wick
exponential is defined as

oxp° (¢) = exp (&~ JE[[0P])

Let ® and W be zero mean Gaussian random variables. The Wick
product ¢ of two Wick exponentials is defined by

exp® (P) o exp® (V) := exp® (¢ + V)

m ¢ can be extended to a larger class of random elements by
density arguments.
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Preliminaries Fractional Brownian motion and Sottinens approximation
Wick product
Wick analytic functionals

Discrete Wick calculus
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Preliminaries Fractional Brownian motion and Sottinens approximation
Wick product
Wick analytic functionals

Discrete Wick calculus

[ nt] i
n t] 1
BH,n: LL ds——¢n
t ;n/:nlz( n 75) S\/ﬁ 1

For any fixed n € N the discrete Wick product is defined as

[ ¢ fANB=10

H &l op H & = iCAUB

iCA icB 0 otherwise

where A, B C {1,...,n}.
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Preliminaries Fractional Brownian motion and Sottinens approximation
Wick product
Wick analytic functionals

Walsh decomposition

We denote by Fj, := o (&7,&5, ..., &) the o-field generated by the
Bernoulli variables.
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Preliminaries Fractional Brownian motion and Sottinens approximation
Wick product
Wick analytic functionals

Walsh decomposition

We denote by Fj, := o (&7,&5, ..., &) the o-field generated by the
Bernoulli variables.

Every X € L?(2, Fy, P) has a unique expansion, called the Walsh

decomposition,
X= ) xquy
Ag{lv"'7n}
where W7 = [] &7, x4 € R.
i€A
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Preliminaries Fractional Brownian motion and Sottinens approximation
Wick product
Wick analytic functionals

Walsh decomposition

We denote by Fj, := o (&7,&5, ..., &) the o-field generated by the
Bernoulli variables.

Every X € L?(2, Fy, P) has a unique expansion, called the Walsh

decomposition,
X= ) xquy
Ag{lv"'7n}

where W = ] &7, x4 € R.
i€A
m For X,Y € [2(Q,F,,P) , E[XY]= > xiyi.
AC{1,...,n}
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Preliminaries Fractional Brownian motion and Sottinens approximation
Wick product
Wick analytic functionals

Hermite polynomials

Definition

The Hermite polynomial of degree n € N with parameter p is

defined as
X2 dn _X2
hg(X) = (—p)n exp <2p> an exXp (2p> 5
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Preliminaries Fractional Brownian motion and Sottinens approximation
Wick product
Wick analytic functionals

Hermite polynomials

Definition
The Hermite polynomial of degree n € N with parameter p is

defined as

X2 n _X2
R (x) := (—p)" il ).
p(x) == (—p)"exp <2p> e eXP( 2p>

exp(x — 5p) = 3 () ©

n=0
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Preliminaries Fractional Brownian motion and Sottinens approximation
Wick product
Wick analytic functionals

Hermite polynomials

Definition
The Hermite polynomial of degree n € N with parameter p is
defined as

X2 dn _X2
h2(x) := (—p)” — — .
p(x) == (—p)"exp <2p> e eXP( 2 >

<1

eXPxffp Zj (3)

Hermite recursion formula
n+1 o n n—1
h, (x) =x hp(x) — np hy (x). (4)

Peter Parczewski Approximating a GFBM and related processes




Preliminaries Fractional Brownian motion and Sottinens approximation
Wick product

Wick analytic functionals

m By the fractional 1td formula we have

d(B)* = k(Bf)*d°Bf,  (B§)* =1=g). (5)
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Preliminaries Fractional Brownian motion and Sottinens approximation
Wick product

Wick analytic functionals

m By the fractional 1td formula we have

d(B)* = k(Bf)*d°Bf,  (B§)* =1=g). (5)

m For any Gaussian random variable ® ~ N(0,0) and all n € N,

" = hl,y (D). (6)
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Preliminaries Fractional Brownian motion and Sottinens approximation
Wick product

Wick analytic functionals

m By the fractional 1td formula we have

d(B)* = k(Bf)*d°Bf,  (B§)* =1=g). (5)

m For any Gaussian random variable ® ~ N(0,0) and all n € N,

" = hl,y (D). (6)

m exp (B — 321 = Z_:O%(Bf’)o”
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Preliminaries Fractional Brownian motion and Sottinens approximation
Wick product

Wick analytic functionals

m By the fractional 1td formula we have
d(B)* = k(Bf)*d°Bf,  (B§)* =1=g). (5)
m For any Gaussian random variable ® ~ N(0,0) and all n € N,
D" = hly(P). (6)
m exp (B — 321 = Z_:O%(Bf’)o”
m exp® (Bf) solves the fractional Doléans-Dade SDE.
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Preliminaries Fractional Brownian motion and Sottinens approximation
Wick product

Wick analytic functionals

The coefficients of the solution of

dX: = (A1 X: + A2 Y:) d°BF, Xo = xo,
dYy = (BiXe + B2 Yy) d°BfY, Yo =y,

eraE) vexEE)” o

k=0 k=0

can be obtained recursively via (5) to be

ap = X0, bo = yo, ak = Arak—1+ Asbk_1, bx = Brak_1+ Bobk_;.
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The approximations theorems

The approximation theorems Examples

The approximation theorems

Theorem

Suppose
lim ap, = ax exists for all k € N.

n—oo

There exists a C € Ry, so that |a, x| < C* for all n,k € N.

n
a onk
Then the sequence of processes y_ ik (BH:")™™" converges

o0
weakly to the Wick power series Y 2 (BH )Qk in the Skorokhod
k=

0
space D([0, 1], R).
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The approximation theorems U2 EREEITERETS e

Examples

The recursive system of Wick difference equations,

U = U kUM (B'ﬂ’” - Bff{’) UM =1, US" =0 (8)

n

forall /=1,...,nand k € N.
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The approximation theorems U2 EREEITERETS e

Examples

The recursive system of Wick difference equations,

U = U kUM (B'ﬂ’” - Bff{’) UM =1, US" =0 (8)

n

forall /=1,...,nand k € N.
Uon = 1= (BH")* and UL" = (BHm),
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The approximation theorems U2 EREEITERETS e

Examples

The recursive system of Wick difference equations,

U = U kUM (B'ﬂ’” - Bff{’) UM =1, US" =0 (8)

n

forall /=1,...,nand k € N.
m U0 = 1= (BH")° and UL" = (BH"),

n n n n

on2
m But U3 = 2B}, BY" # By o, BY = (BQ‘") :
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The approximations theorems
Examples

The approximation theorems

The recursive system of Wick difference equations,

/

n

U = Ukl (87 - B1) U7 =1, 047 =0 (3

forall /=1,...,nand k € N.
m U0 = 1= (BH")° and UL" = (BH"),

on2
m But U;" = 2BY"0,B)" # BY"o,BY" = (Bgm) :

m The discrete Wick powers are not the solutions for (8) if
k > 2.
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The approximations theorems

The approximation theorems Examples

Theorem

Suppose
lim ap, = ay exists for all k € N.
n—oo
There exists a C € Ry, so that |ap x| < Ck for all n, k € N.

Define Uk "= UL ¢ @S the piecewise constant interpolation of (8).

Then the sequence of processes Z Sinfe Uk " converges weakly to
k=0

the Wick power series " 7% (B 4l )Ok in the Skorokhod space
k=0
D([0, 1], R).
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. . The approximations theorems
The approximation theorems Py

Examples

Example (Geo ic fractional Brownian motion)
Lnt)
1 onk
n (gH H, d
e (1) = 5 1 ()" ().
k=0
1
S"= Z HUk’” — exp® (BH>
k=0
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. . The approximations theorems
The approximation theorems Py

Examples

Example (Geometric fractional Brownian motion)
Lnt)
1 onk
n (gH:Y . H, d
e (1) = 5 1 ()" ().
k=0
1
S"= Z HUk’” — exp® (BH>
k=0

S"=S" 1+ S, on <B',"’" - Bf”{’) . =1 (9

for [=1,...,n, where S,":gf.

Peter Parczewski Approximating a GFBM and related processes



. . The approximations theorems
The approximation theorems Py

Examples

Example (Geometric fractional Brownian motion)

o Lnt) 1 by onk
exp®” (Bt G ) = Z P (Bt D ) exp® (BH) ,
k=0
SN .— kioli'!uk,n O exp° (BH>

St =S+ SPaen (BI7-B). S5=1 @
for [=1,...,n, where S":gf.

Hence, the piecewise constant interpolation of (9) converges
weakly to the solution of the fractional Doléans-Dade equation.
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. . The approximations theorems
The approximation theorems Py

Examples

Example (Wick-sine and Wick-cosine)

The piecewise constant interpolation of

X7 = Xt Ve (BI - BET) X =0,

n n
n _ n n H,n H,n n__
Y = YL —XLion <B/ —B,_l),YO =1,
n n

converges weakly to the solution of the linear system

dX: = Y:d°Bf Xy =0,
dy; = —-Xd°Bf  vy=1,

the process (sin® (Bf?) , cos® (Bﬁ))T
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. . The approximations theorems
The approximation theorems Py

Examples

Example (Linear SDE with drift)

Suppose u,s0 € R, o > 0. Then gt” = antj' where S" is the
solution of the Wick difference equation

st = (1 + %) SM . +0SP o <B',"’” - Bﬁf) ,S§ = s, (10)

n n

converges weakly to the solution of the linear SDE with drift

dS; = uSidt + 0S:d°Bl,  Sp = s (11)

in the Skorokhod space D([0, 1], R).
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. . The approximations theorems
The approximation theorems Py

Examples

Example (Linear SDE with drift)

Suppose u,s0 € R, o > 0. Then gt” = antj' where S" is the
solution of the Wick difference equation

st = (1 + %) SM . +0SP o <B',"’” - Bﬁf) ,S§ = s, (10)

n n

converges weakly to the solution of the linear SDE with drift

dS; = uSidt + 0S:d°Bl,  Sp = s (11)

in the Skorokhod space D([0, 1], R).

m This was conjectured by Bender and Elliott in their study of
the discrete Wick-fractional Black-Scholes market.
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g 2 ..
Walsh decompositions and L“-estimates
Hermite recursion

Convergence Tightness

Denote

?,A = H b?,ia V)= Hff

i€A icA
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g 5 e
Walsh decompositions and L“-estimates
Hermite recursion

Convergence Tightness

Denote

Hbtlv WZ :Hfln

i€eA i€A

Proposition

U= 2 Y TIeh, -t ) | Ve @2

CC{1,...,1} \ m:C—{1,....I} peC

|Cl=k injective
1 Hon onk n
7\ Bi = > b (13)
’ ! Cg{177l} "
|Cl=k
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g 2 ..
Walsh decompositions and L“-estimates
Hermite recursion

Convergence Tightness

Proposition
For all t € [0,1] and i € {1,...,|nt]},

bfy,- < 2cHn_(1_H).
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g 2 ..
Walsh decompositions and L“-estimates
Hermite recursion

Convergence Tightness

For all t € [0,1] and i € {1,...,|nt]},

—(1-H
ri < 2cHn (1=H),

Theorem (Nieminen 2004)

E[B/""B!""| — E[BBY].
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g D m
Walsh decompositions and L“-estimates
Hermite recursion

Convergence Tightness

Proposition
For all t € [0,1] and i € {1,...,|nt]},

—(1-H
ri < 2cHn (1=H),

Theorem (Nieminen 2004)

E[B/""B!""| — E[BBY].
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g 2 ..
Walsh decompositions and L“-estimates
Hermite recursion

Convergence Tightness

Our strategy:
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g 2 ..
Walsh decompositions and L“-estimates
Hermite recursion

Convergence Tightness

Our strategy:
Convergence of the finite-dimensional distributions
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g 2 ..
Walsh decompositions and L“-estimates
Hermite recursion

Convergence Tightness

Our strategy:
Convergence of the finite-dimensional distributions

m Wick powers (BH’”)O"k & (BH)Ok.
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g 2 ..
Walsh decompositions and L“-estimates
Hermite recursion

Convergence Tightness

Our strategy:
Convergence of the finite-dimensional distributions
m Wick powers (BH’”)O"k & (BH)Ok.

n
. . ank (pRH,n\onk fd
m Wick power series k§ W (B ) — p

(6"

M=

0
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g 2 ..
Walsh decompositions and L“-estimates
Hermite recursion

Convergence Tightness

Our strategy:
Convergence of the finite-dimensional distributions
m Wick powers (BH’”)O"k L (BH)
m Wick power series Z (BH’")O"k Rt zn: 2 (BH)Ok
m Wick power series applled on the recurskleodefmed functionals

d ank T7k,n fd & £ H
> e ghon B3 2 (BH)

k=0 k=0
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g 2 ..
Walsh decompositions and L“-estimates
Hermite recursion

Convergence Tightness

Our strategy:
Convergence of the finite-dimensional distributions
m Wick powers (BH’”)O"k L (BH)
m Wick power series Z (BH’")O"k Rt zn: 2 (BH)Ok
m Wick power series applled on the recurskleodefmed functionals

d ank T7k,n fd & £ H
> e ghon B3 2 (BH)

k=0 k=0
H Tightness of the sequences of processes

. an,k gH:n onk . an,k Dk,n
> (") A2

k=0 neN k=0 ’ neN
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Walsh decompositions and L2-estimates
Hermite recursion
Convergence Tightness

Convergence of the finite-dimensional distributions

= (BT = (BY)(BL)N — [PHN(BY) N
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Walsh decompositions and L“-estimates

Hermite recursion
Convergence Tightness

Convergence of the finite-dimensional distributions

= (BT = (BY)(BL)N — [PHN(BY) N

Proposition (Discrete Hermite recursion)

(Bliny) = glin(gfiny — e [(Bl47)] (Bt

+ R(B" N), (14)
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Walsh decompositions and L2-estimates
Hermite recursion
Convergence Tightness

Convergence of the finite-dimensional distributions

= (BT = (BY)(BL)N — [PHN(BY) N

Proposition (Discrete Hermite recursion)

(Bliny) = glin(gfiny — e [(Bl47)] (Bt

+ R(B" N), (14)

R(B™, Ny =N ST br w2y (677, (15)

CC{l,..|nt]} ieC
|Cl=N—1
H,n e 4 3 —(4—4H)
E (R(Bt’ ,N)) < 16¢4NIN3n . (16)
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Walsh decompositions and L2-estimates
Hermite recursion
Convergence Tightness

For all N € N,

(1, BHn (BH’”)O"N) R (1, BH. .. (BH)°N> . an
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Walsh decompositions and L2-estimates
Hermite recursion
Convergence Tightness

For all N € N,

(1, BHn (BH’”)O"N) R (1, BH. .. (BH)°N> . an

Sketch of proof.
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Walsh decompositions and L2-estimates
Hermite recursion
Convergence Tightness

For all N € N,

(1, BHn (BH’”)O"N) R (1, BH. .. (BH)°N> . an

Sketch of proof.

Induction.

Peter Parczewski Approximating a GFBM and related processes



Walsh decompositions and L2-estimates
Hermite recursion
Convergence Tightness

For all N € N,

(1, BHn (BH’”)O"N) R (1, BH. .. (BH)°N> . an

Sketch of proof.

Induction. Discrete Hermite recursion.
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Walsh decompositions and L2-estimates
Hermite recursion
Convergence Tightness

For all N € N,

(1, BHn (BH’”)O"N) R (1, BH. .. (BH)°N> . an

Sketch of proof.

Induction. Discrete Hermite recursion. Cramér-Wold device. ]
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Walsh decompositions and L2-estimates
Hermite recursion
Convergence Tightness

Proposition

In the context of the approximation theorems convergence holds in
finite dimensional distributions.
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Walsh decompositions and L2-estimates
Hermite recursion
Convergence Tightness

Proposition

In the context of the approximation theorems convergence holds in
finite dimensional distributions.

An idea of proof: Billingsley Theorem 4.2

a—l;(BtH)“ as n — oo,

NE

vmeN Y 2ok (gihnyenk

1
o
1
o

onk m
lim_lim sup E IZa"k(BtH’") =Y B AL =0

e k!

k=0
m (0.0
ak Hyok fd k
E —I —>E — as m — oo.

=0 k=0

QL
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Walsh decompositions and L“-estimates
Hermite recursion
Convergence Tightness

Tightness

Theorem (a variant of Billingsley Theorem 15.6)

Suppose for the random elements Y" in the Skorokhod space
D([0,1],R) and 3" 2 (BH)** in C([0,1],R),
k=0

2H

[nt| |ns|

n n

)

s<t, E[(Yt"— Y;)z} <L

where L > 0 is a constant. Then Y" converges weakly to
o0
Y 2 (BH)** in D([0, 1], R).
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Walsh decompositions and L“-estimates
Hermite recursion
Convergence Tightness

Let (X,(-,-)) be a real inner product space, N > 1,

2N 2N N 2(N—1 2
IXIPY A Iy 1PN =2 (6 )N < 28 (x| + 1y 12V 1x =y 12
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Walsh decompositions and L“-estimates
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Theorem
Suppose f : [0,1] — R is a continuous function. Then Iy(f)"

where

converges weakly to Iy(f) = [ f(s)dBL in the Skorokhod space,
0
| nt]
= (5

oot
n Lnt] .
3o (2 (55) (1ot

is the discrete Wiener integral.
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