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Multivariate integration — QMC

We want to approximate an integral

using a QMC rule
Qu,s(f) = f(xn)

where xg,...,xy_1 € [0,1)°.
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Multivariate integration — QMC

We want to approximate an integral

[0,1]°
using a QMC rule
=
QuslF) = 5 3 Flxa)
n=0
where xg, ..., xy_1 € [0,1)°.
Point sets with good distribution properties yield a small error. J
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Multivariate integration — QMC
Koksma-Hlawka inequality
|1s(f) = Qu,s(F)| < V(f)Dn({xo, - - -, Xn-1}),

where

e V/(f) is a measure for the variation of f;

@ Dy, is the star discrepancy of the nodes {xq,...,xy_1}.
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Multivariate integration — QMC
Koksma-Hlawka inequality

|1s(f) = Qu,s(F)| < V(f)Dn({xo, - - -, Xn-1}),
where

e V/(f) is a measure for the variation of f;

@ Dy, is the star discrepancy of the nodes {xq,...,xy_1}.

For z € (0,1]° let

AQz) = #{0<n< NN: xp € [0,2)} 2 ([0,2)).
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Multivariate integration — QMC
Koksma-Hlawka inequality

|1s(f) = Qu,s(F)| < V(f)Dn({xo, - - -, Xn-1}),
where

e V/(f) is a measure for the variation of f;

@ Dy, is the star discrepancy of the nodes {xq,...,xy_1}.

For z € (0,1]° let

AQz) = #{0<n< NN: xp € [0,2)} 2 ([0,2)).

Definition (star discrepancy)

Dyn({xo,...,xny—1}) := sup |A(z)]
ze(0,1]¢
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Multivariate integration — QMC

Lower bound on Dy, (Roth 1954; Bilyk, Lacey, Vagharshakyan 2008)

(log N)*s s—1

Dy({xo; - -+, Xn-1}) > Cs N where ks > —
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Multivariate integration — QMC

Lower bound on Dy, (Roth 1954; Bilyk, Lacey, Vagharshakyan 2008)

(log N)"s s—1

Dn({xo, .- - xn-1}) > ¢ N where rs > — + 0s

and 0 < Js < 1.

There are several methods to construct point sets with “low” star
discrepancy:
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Multivariate integration — QMC

Lower bound on Dy, (Roth 1954; Bilyk, Lacey, Vagharshakyan 2008)

(log N)"s 1

Dn({x0,--.,xny—1}) > ¢s N where kg > s% + ds

and 0 < 65 < 3.

There are several methods to construct point sets with “low” star
discrepancy:

@ van der Corput, Halton-sequence, Hammersley point set;
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and 0 < 65 < 3.

There are several methods to construct point sets with “low” star
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Multivariate integration — QMC

Lower bound on Dy, (Roth 1954; Bilyk, Lacey, Vagharshakyan 2008)

log N)"s —1
Dy({xo;-- -, xn-1}) = Cs% where kg > ST + ds

and 0 < 65 < 3.

There are several methods to construct point sets with “low” star
discrepancy:
@ van der Corput, Halton-sequence, Hammersley point set;

o lattice point sets (Hlawka, Korobov, Niederreiter, Sloan, Joe,
Hickernell, Larcher, ...);

@ (t,m,s)-nets in base b (Niederreiter, Sobol’, Faure, Niederreiter-Xing,
Chen-Skriganov, ...).
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(t, m,s)-net in base b
Definition (Niederreiter 1987)

A point set P consisting of b™ points in [0,1)° is called (t, m, s)-net in
base b if every b-adic elementary interval of the form

S
a; ai+1
H[m, 5 )Q[o,l)s

i=1

of volume b*~™ contains exactly b* points of P.
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(t, m,s)-net in base b
Definition (Niederreiter 1987)

A point set P consisting of b™ points in [0,1)° is called (t, m, s)-net in
base b if every b-adic elementary interval of the form

S
a; aj+1
H[m, 5 )Q[o,l)s

i=1

of volume b*~™ contains exactly b* points of P.

e small quality parameter 0 < t < m implies good distribution
properties;
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(t, m,s)-net in base b
Definition (Niederreiter 1987)

A point set P consisting of b™ points in [0,1)° is called (t, m, s)-net in
base b if every b-adic elementary interval of the form

S
a; aj+1
I [ %) <o

i=1

of volume b*~™ contains exactly b* points of P.

e small quality parameter 0 < t < m implies good distribution
properties;
@ any P consisting of b points in [0,1)° is a (m, m, s)-net in base b;
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(t, m,s)-net in base b
Definition (Niederreiter 1987)

A point set P consisting of b™ points in [0,1)° is called (t, m, s)-net in
base b if every b-adic elementary interval of the form

S|

a; aj+1
I [ %) <o

i=1

of volume b*~™ contains exactly b* points of P.

e small quality parameter 0 < t < m implies good distribution
properties;

@ any P consisting of b points in [0,1)° is a (m, m, s)-net in base b;

o Niederreiter: if P is a (t,m,s)-net in base b, N = b™, then

Dy(P) = O, 4 <bf('°gx)s_l> .
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(t, m,s)-nets: an example

Friedrich Pillichshammer (Linz/Austria)

Figure: (0,4,2)-net in base 2.
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Figure: (0,4,2)-net in base 2.
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Figure: (0,4,2)-net in base 2.
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(t, m, s)-nets: an example

Figure: (0,4,2)-net in base 2.
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Lattice point sets

Lattice point set
For N >2 and g € 7Z° let

xn:{%g} for 0 <n<N.

A QMC rule using a lattice point set is called a lattice rule.
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Lattice point sets

Lattice point set
For N> 2 and g € Z° let

xn:{%g} for 0 <n<N.

A QMC rule using a lattice point set is called a lattice rule.

Polynomial lattice point sets are in their over all structure very similar to

(classical) lattice point sets.

lattice point set

polynomial lattice point set

based on
number theoretic concepts

based on
algebraic methods
(polynomial arithmetic)
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Polynomial lattice point sets

Let b € P and let Zj be the finite field with b elements.
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Polynomial lattice point sets

Let b € P and let Zp, be the finite field with b elements.

Let Zp((x~1)) the field of formal Laurent series over Z;, (b prime). Its
elements are of the form -
L= Z tgx_z,
l=w

where w € Z and all t; € Zy,.
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Polynomial lattice point sets

Let b € P and let Zp, be the finite field with b elements.

Let Zp((x~1)) the field of formal Laurent series over Z;, (b prime). Its
elements are of the form -
L= Z tgx_z,
l=w

where w € Z and all t; € Zy,.
For n € N let

Vo Zp((x71)) — [0,1)

Un (i th_£> = i teb~ .
l=w

{=max(1,w)
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Polynomial lattice point sets

Let b € P and let Zp, be the finite field with b elements.

Let Zp((x~1)) the field of formal Laurent series over Z;, (b prime). Its
elements are of the form -
L= Z tgx_z,
l=w

where w € Z and all t; € Zy,.
For n € N let

Vo Zp((x71)) — [0,1)

Un (i th_£> = i teb~ .
l=w

{=max(1,w)

Let Gpm = {h € Zp[x] : deg(h) < m}. We have |Gp | = b,
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Polynomial lattice point sets

Definition (Niederreiter 1992)

For s,m € N, choose p € Z[x], with deg(p) = m, and q € Z[x]°.
Then P(q, p) is the point set consisting of the b™ points

X = Um (%q(x)) where h € G,
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Polynomial lattice point sets

Definition (Niederreiter 1992)

For s,m € N, choose p € Z[x], with deg(p) = m, and q € Z[x]°.
Then P(q, p) is the point set consisting of the b™ points

X = Um <%q(x)> where h € G,

P(q, p) is called a polynomial lattice point set and a QMC rule using
P(q, p) is called a polynomial lattice rule.
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(Polynomial) lattice point sets: examples

left: N =13, g=(1,8)
right: p(x) = x* + x> +1, q = (1,x3) in Z[x]
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Polynomial lattice point sets: examples

Figure: P((1,x3),x* + x? + 1) as (0,4,2)-net in base 2.
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Polynomial lattice point set: example

Figure: P((1,x3),x* + x? + 1) as (0,4,2)-net in base 2.
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(Polynomial) lattice point sets: examples

left: N =34, g =(1,21)
right: p(x) = x>+ x, g = (1, x* + x®> + 1) in Z[x]
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(Polynomial) lattice point sets: examples

left: N =987, g = (1,610)
right: p(x) = x10+x®8 + x* + x2 + 1, g = (1, x° + x5 + x) in Zy[x]
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The dual lattice of (polynomial) lattice point sets

For a lattice point set x, = { 78}, 0 < n < N, where g € Z° the dual
lattice is

Leny=1{heZ° :h-g=0(modN)}.
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The dual lattice of (polynomial) lattice point sets

For a lattice point set x, = { 78}, 0 < n < N, where g € Z° the dual

lattice is
Leny=1{heZ° :h-g=0(modN)}.

Definition
The dual net of P(q, p) with p € Zp[x], deg(p) = m, and q € Zp[x]° is

Dqp =1k € Gy, - k-q=0(mod p)}.
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Walsh functions

@ For k = kg + kib+ -+ kab? with k; € {0,...,b— 1} the kth
Walsh function
bwalk . [0, 1) —C

is defined by

pwalg(x) := exp(2mi(&1ko + - - + Eav1ka)/b),

where x = &1b7 1 + & b2 4 -+ - with infinitely many digits & # b — 1.
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Walsh functions

@ For k = kg + kib+ -+ kab? with k; € {0,...,b— 1} the kth
Walsh function
bwalk . [0, 1) —C

is defined by

pwalg(x) := exp(2mi(&1ko + - - + Eav1ka)/b),

where x = £1b7 1 4+ &b72 + - -+ with infinitely many digits & # b — 1.
@ For k = (ki,...,ks) € N§ and x = (x1,...,xs) € [0,1)° let

bW&lk(X) = H bwalki (X,').
i=1
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Walsh functions
@ For k = kg + kib+ -+ kab? with k; € {0,...,b— 1} the kth

Walsh function
bwalk . [0, 1) —C

is defined by

pwalg(x) := exp(2mi(&1ko + - - + Eav1ka)/b),

where x = £1b7 1 4+ &b72 + - -+ with infinitely many digits & # b — 1.
@ For k = (ki,...,ks) € N§ and x = (x1,...,xs) € [0,1)° let

bW&lk H bwalk X,

{pwalg : k € N3} is a complete orthonormal system in L»([0, 1]°). J
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Walsh functions

1 1
0.75 0.75
0.5 0.5
0.25 0.25
0.2 0.4 0.6 0.8 1 0.2 0.4 | 0.6 0.8 1
-0.25 -0.25
-0.5 -0.5
-0.75 -0.75
-1 -1
1 1
0.75 0.75
0.5 0.5
0.25 0.25
0.2 0.4 | 0.6 0.8 L 0.2 0.4 0.6 0.8
-0.25 -0.25
-0.5 -0.5
-0.75 -0.75
-1 -1

Figure: owal(x) for k =0,1,2,3.
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The dual net of polynomial lattice point sets

Important property of lattice point sets:

N-1

' N ifke Lgn,
Z exp (2mi{ng/N} - k) = { 0 otherwisge;.N
n=0

Friedrich Pillichshammer (Linz/Austria) Polynomial Lattice Rules 26 / 57



The dual net of polynomial lattice point sets

Important property of lattice point sets:

if k € Lg n,
otherwise.

N—-1
" exp (2ri{ng/N} - k) = { N
n=0

For the analysis of the worst-case integration error it is most convenient to
consider one-periodic functions.
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The dual net of polynomial lattice point sets

Important property of lattice point sets:

if k € Lg n,
otherwise.

N—-1
" exp (2ri{ng/N} - k) = { N
n=0

For the analysis of the worst-case integration error it is most convenient to
consider one-periodic functions.

Important property polynomial lattice point sets:

S o= { &7 TKEDus
x€P(a,p)

otherwise.
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The dual net of polynomial lattice point sets

Important property of lattice point sets:

if k € Lg n,
otherwise.

N—-1
" exp (2ri{ng/N} - k) = { N
n=0

For the analysis of the worst-case integration error it is most convenient to
consider one-periodic functions.

Important property polynomial lattice point sets:

Z bwalk(x) _ { b if k € 'Dq7p,

0 otherwise.
x€P(a,p)

For the analysis of the worst-case integration error it is most convenient to
consider Walsh series.
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Quality measures

For p € Z[x] and q € Zp[x]® define

S
q,p)=s—1+ min deg(h;
(a.p) A ) 2 ()
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Quality measures

For p € Zp[x] and q € Zp[x]* define

S
q,p)=s—14+ min deg(h;
p(a.p) WA gy 2 ()

Ro(a,p) = Y ] rm(h),

heDq \ {0} i=1

where for h € Gp

B 1 if h=0,
rb( )'_ 7bf+1sin21(7mr/b) if h=ro+ K1b+ -+ Kk x", K, #0.
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Quality measures

Theorem (Niederreiter 1992)
P(q,p) is a (t, m,s)-net in base b with m = deg(p),

t=m—p(q,p)

and

" s
Di-(P(a,p)) < 5 + Rs(a. p)-
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Existence results

Theorem (Larcher, Lauss, Niederreiter, Schmid 1996; Niederreiter
1992; Dick, Leobacher, P. 2005)

Let p € Zp[x] with deg(p) = m.
o If pis irreducible, then there exists q € G, such that

tg(s—l)logbm—(s—2)—logb%.
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Existence results

Theorem (Larcher, Lauss, Niederreiter, Schmid 1996; Niederreiter
1992; Dick, Leobacher, P. 2005)

Let p € Zp[x] with deg(p) = m.
o If pis irreducible, then there exists q € G, such that

tg(s—l)logbm—(s—2)—logb%.

Hence D}.(P(a,p)) = Osp (%)
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Existence results

Theorem (Larcher, Lauss, Niederreiter, Schmid 1996; Niederreiter
1992; Dick, Leobacher, P. 2005)

Let p € Zp[x] with deg(p) = m.
o If pis irreducible, then there exists q € G, such that

tg(s—l)logbm—(s—2)—logb%.

bm

Hence Djn(P(a,p)) = Os.p ("’25_2).
@ For 0 < e < 1 there are more than €|G; | vectors q € G; . with

N s m?®
Din(P(a.)) < g + Ro(a.P) = Ous (5 ) -
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Existence results

Theorem (Kritzer, P. 2010)

There exists ¢s , > 0 such that for any p € Z[x] with deg(p) = m and
anyqe G;,,q #0,1<i<s, we have

m — deg(ds))°
Ro(a.p) > cs pbs(0) (M = 9B

where 05 := ged(q1, - - -, gs, p)-
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Existence results

Theorem (Kritzer, P. 2010)
There exists ¢s , > 0 such that for any p € Z[x] with deg(p) = m and
any q € vam, gi#0,1<i<s, we have
m — deg(ds))®
Ro(a, p) > Cs,bbdeg(és)(b#,
where 05 := ged(q1, - - -, gs, p)-

Theorem (Larcher 1993)
For any m > 2 there exists q € Gé,m with

m*~Llog m
Dgn(P(a,x™)) = Os (b—mg> :
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CBC-construction

Sloan and Joe

Let Zy :={1,...,N — 1} and let Sy(g) be a quality measure for a lattice
point set.
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CBC-construction

Sloan and Joe

Let Zy :={1,...,N — 1} and let Sy(g) be a quality measure for a lattice
point set.

@ Choose g1 = 1.
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CBC-construction

Sloan and Joe

Let Zy :={1,..., N —1} and let Syn(g) be a quality measure for a lattice
point set.

@ Choose g1 = 1.

@ For s > 1 assume that g, ..

.,&s—1 € Zy are already known. Find
gs € Zn which minimizes

Sn((gt,---,8s-1,2))

as a function of z.
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CBC-construction

Sloan and Joe

Let Zy :={1,..., N —1} and let Syn(g) be a quality measure for a lattice
point set.

@ Choose g1 = 1.

@ For s > 1 assume that g3, ..

.,&s—1 € Zy are already known. Find
gs € Zn which minimizes

Sn((gt,---,8s-1,2))

as a function of z.

v

This principle also works in the polynomial case (with G, , instead of Zy).
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The weighted star discrepancy

Let v = (71,72, - - .) a sequence of weights in R™. Let Z, = {1,...,s} and
for u C Zg let vy = [ ;e vi-
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The weighted star discrepancy

Let v = (71,72, - - .) a sequence of weights in R™. Let Z, = {1,...,s} and
for u C Zs let vy = [[;c, vi-
Weighted star discrepancy (Sloan and Wozniakowski 1998)
The weighted star discrepancy is given by
Dj CXNZ1)) = A 1))|.
N({xo. - xn-1}) R Yl A((2u,1))]
32 /57
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The weighted star discrepancy

Let v = (71,72, - - .) a sequence of weights in R™. Let Z, = {1,...,s} and
for u C Zs let vy = [[;c, vi-
Weighted star discrepancy (Sloan and Wozniakowski 1998)
The weighted star discrepancy is given by
Dj CXNZ1)) = A 1))|.

Ny ({x0, - xn-1}) Sup ol YulA((2,1))]
Weighted Koksma-Hlawka inequality

|1s(F) = @ns(F)] < Dy ({0, - - -, xn-1}) I f[ls5-

32 /57
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The weighted star discrepancy

Let p € Zp[x] with deg(p) = m and let q € G}, ,

Jul
Dpm ~(P(a, p)) < E:%<I—O—$a )+&Amm

PAuCTs

where

Rp~(q,p) = Z Hfb(hia’Yi)-

heDq,p\{0} i=1

Here for h € Gy, we put

| 1+ ifh=0,
“W”_{ymmim¢o

Rb~(q, p) can be computed in O(b™s) operations.
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The weighted star discrepancy — CBC-construction

CBC-algorithm
Given a prime b, s,m € N, p € Z[x], with deg(p) = m, and weights
¥ = ()iz1-
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The weighted star discrepancy — CBC-construction

CBC-algorithm
Given a prime b, s,m € N, p € Z[x], with deg(p) = m, and weights
¥ = ()iz1-

© Choose g1 = 1.
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The weighted star discrepancy — CBC-construction

CBC-algorithm
Given a prime b, s,m € N, p € Z[x], with deg(p) = m, and weights
¥ = ()iz1-

© Choose g1 = 1.

@ For s > 1, assume we have already constructed q1,...,gs—1 € G; ...
Then find gs € G ,,, which minimises the quantity

Rb,‘)’((q17 -y Qs—1, 2)7 p)

as a function of z.
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The weighted star discrepancy — CBC-construction

Theorem (Dick, Leobacher, P. 2005)
If q € Glf’m is constructed with the CBC-algorithm, then

Ro~(a,p) < ! f[ 1+ 1+mb2_1
b4, P _bm_lizl i e )
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The weighted star discrepancy — CBC-construction

Theorem (Dick, Leobacher, P. 2005)
If g € Glf’m is constructed with the CBC-algorithm, then

R b2 —1
< -

Corollary

If Y7207 < o0, then for any § > 0 there exists ¢, 5 > 0, such that

* .9
Db’", ( (q7 ))— bm(]_ 5) "
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The weighted star discrepancy — strong tractability

o Let N=2M 4 ... 42k where 0 < my < mp <...< my.
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The weighted star discrepancy — strong tractability

o Let N=2M 4 ... 42k where 0 < my < mp <...< my.

o For 1 <j < k choose pY) € Z,[x] with deg(pY)) = m; and construct
P(q), pY)) with the CBC-algorithm.
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The weighted star discrepancy — strong tractability

o Let N=2M 4 ... 42k where 0 < my < mp <...< my.

o For 1 <j < k choose pY) € Z,[x] with deg(pY)) = m; and construct
P(q), pY)) with the CBC-algorithm.

o Set Py =P(qM, pMyu...uP(qk), pk).
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The weighted star discrepancy — strong tractability

o Let N=2M 4 ... 42k where 0 < my < mp <...< my.

o For 1 <j < k choose pY) € Z,[x] with deg(pY)) = m; and construct
P(q), pY)) with the CBC-algorithm.

o Set Py =P(qM, pMyu...uP(qk), pk).

Theorem (Hinrichs, P., Schmid 2008)
If Y7207 < o0, then for any § > 0 there exists Cy 5 > 0, such that

. Gy
DN77(PN) S N?;&.
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The weighted star discrepancy — strong tractability

o Let N=2M 4 ... 42k where 0 < my < mp <...< my.

o For 1 <j < k choose pY) € Z,[x] with deg(pY)) = m; and construct
P(q), pY)) with the CBC-algorithm.

o Set Py =P(qM, pMyu...uP(qk), pk).

Theorem (Hinrichs, P., Schmid 2008)
If Y7207 < o0, then for any § > 0 there exists Cy 5 > 0, such that

. Gy
DN;),(PN) S N?;&.

The weighted star discrepancy is strongly polynomial tractable with
g-exponent equal to one.
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CBC-construction — cost

@ The cost for the CBC-algorithm is of O(b*>™s?) operations.
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CBC-construction — cost

@ The cost for the CBC-algorithm is of O(b*>™s?) operations.

@ Nuyens and Cools (2006) introduced the Fast CBC-construction with
a significan reduction of cost.
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CBC-construction — cost

@ The cost for the CBC-algorithm is of O(b*>™s?) operations.

@ Nuyens and Cools (2006) introduced the Fast CBC-construction with
a significan reduction of cost.

@ Cost of the Fast CBC-algorithm O(smb™) with O(b™) memory space.
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Integration of Walsh series

Let o > 1 and let J%.15.4,~ be the weighted Hilbert function space with
reproducing kernel given by

Kwal,s,a,'y(xa Y) = Z pa(k7 7) bwalk(x) bwalk(Y)7
keNg

where for k = (ki,..., ks) € N we put pa(k,v) = [17_; pa(kj, ;) with

(ko) = 1 if k=20,
PalK,7) = vb~v if bY < k < b¥t for v € Np.
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Integration of Walsh series

Let o > 1 and let J%.15.4,~ be the weighted Hilbert function space with
reproducing kernel given by

Kwal,s,a,'y(xv Y) = Z poc(kv 7) bwalk(x) bwalk(Y)7
keNg

where for k = (ki,..., ks) € N we put pa(k,v) = [17_; pa(kj, ;) with
-1 if k =0,
Pl = ybav if bY < k < b¥*HL for v € Ny.

HfHwaalys,aﬁ = Z pa(ka'Y)_1|fwal(k)|2
keNs

where fi(k) = f[o,l]s f(x) pwali(x) dx.
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Integration of Walsh series
Worst-case error of P(q, p)

e(q,p) = sup  |Is(F) — Qoms(F)]
17l oy o 0y <1

al,s,a,y —
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Integration of Walsh series

Worst-case error of P(q, p)

|Is(f) - Qbm,s(f)’

e(q,p) = sup
”f”%wal,s,a,'ygl
e2(q,p) = Z pa(ka7)
keNg\{0}

trum(k)(x)€Dq, p

where trupm(k) := k (mod b™) and where

k:lﬁio+l€1b+...+l€m_1bm_1 € Np

is identified with

k(x) = ko + K1X + ... + km_1x™ L € Z[x].

Friedrich Pillichshammer (Linz/Austria) Polynomial Lattice Rules
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Integration of Walsh series

Theorem (Dick, Kuo, P., Sloan 2005; Kritzer, P. 2007)

For any p € Zp[x] with deg(p) = m we can construct CBC q € G, such
that (with N = b™)

@ We have

Cs7a7775 _1
6(q,p)§W for all O<5SQT

Friedrich Pillichshammer (Linz/Austria)

Polynomial Lattice Rules

40 / 57



Integration of Walsh series

Theorem (Dick, Kuo, P., Sloan 2005; Kritzer, P. 2007)
For any p € Zp[x] with deg(p) = m we can construct CBC q € G, such
that (with N = b™)

@ We have

Cs,a,v,0 a—1
(q, ) W for all 0<5§T

@ Suppose Y 2 17,1/(a 20)

< 00, then ¢so~6 < Cooja,y,6 < 00 and we
have c 5
o0 a7’77
e(q,p) < No/2=5
v
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Extensible polynomial lattice point sets

Disadvantage

The CBC-algorithm and hence the vectors q depend on p and hence on

N = b4&(P) _|If one changes p, then one has to construct a new vector
qec Zb[X]s.
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Extensible polynomial lattice point sets

Disadvantage

The CBC-algorithm and hence the vectors q depend on p and hence on
N = b4&(P) _|If one changes p, then one has to construct a new vector

qec Zb[X]s.

For p € Zp[x] with m = deg(p) > 1, let Y}, be the set of all p-adic
polynomials

Zanp" with  deg(an) < m.
n=0
Then

YP/(pn) = Gp,nm-
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Extensible polynomial lattice point sets

Let Q € Y and for n € N let q, = Q (mod p"). Then

P(a1,p) € P(ay, p°) € P(a3, p°) C ...
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Extensible polynomial lattice point sets

Let Q € Y and for n € N let q, = Q (mod p"). Then

P(a1,p) € P(a, p*) € Plas,p’) C ...

Extensible polynomial lattice point set

P(Q7P) = 7D(qla p) U P(q27 p2) U P(Q3,P3) U....
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Construction of extensible polynomial lattice point sets

For P(q,, p") only the first n "digits” in p-adic expansion of each
component of Q are important.
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Construction of extensible polynomial lattice point sets

For P(q,, p") only the first n "digits” in p-adic expansion of each
component of Q are important.

e Start with a good vector q; € G} .
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Construction of extensible polynomial lattice point sets

For P(q,, p") only the first n "digits” in p-adic expansion of each
component of Q are important.

e Start with a good vector q; € G} .

® g, = q; + pq where q € G; . is choosen to minimize e?(qy, p?).
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Construction of extensible polynomial lattice point sets

For P(q,, p") only the first n "digits” in p-adic expansion of each
component of Q are important.

o Start with a good vector q; € G ..
® g, = q; + pq where q € G; . is choosen to minimize e?(qy, p?).

® q; = g, + p°q where q € Gj . is choosen to minimize e?(qs, p*).
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Construction of extensible polynomial lattice point sets

For P(q,, p") only the first n "digits” in p-adic expansion of each
component of Q are important.

o Start with a good vector q; € G ..
® g, = q; + pq where q € G; . is choosen to minimize e?(qy, p?).

® q; = g, + p°q where q € Gj . is choosen to minimize e?(qs, p*).

@ This way we can find step by step a good generating vector for all
2 3
PP, P>,
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Construction of extensible polynomial lattice point sets

For P(q,, p") only the first n "digits” in p-adic expansion of each
component of Q are important.

o Start with a good vector q; € G ..

® d, = q; + pq where q € Gj  is choosen to minimize e?(qy, p?).
® q; = q, + p>q where q € G} m is choosen to minimize e(qs, p3).
@ This way we can find step by step a good generating vector for all

P, p%, P,
@ Advantage: one does not have to stop at some a priori fixed pY.
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Construction of extensible polynomial lattice point sets

Algorithm
Let p € Zp[x] be monic and irreducible with deg(p) = m.
© Find q; := q by minimizing e?(q, p) over all q € Gp.m-
@ Forn=2,3,...find q, :=q,_; + p"'q by minimizing
e?(q,_1 + p"1q,p") over all q € Gh.m-
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Construction of extensible polynomial lattice point sets

Algorithm
Let p € Zp[x] be monic and irreducible with deg(p) = m.
© Find q; := q by minimizing e?(q, p) over all q € Gp.m-

@ Forn=2,3,...find q, :=q,_; + p"'q by minimizing
e?(q,_1 + p"1q,p") over all q € Gh.m-

Theorem (Niederreiter, P. 2009)

If q, € G, is constructed according to the above algorithm, then

C 7b7 I
(a,. p7) < Sba
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Integration in Sobolev spaces

Similar results hold for the mean square worst-case error of digitally

shifted polynomial lattices for integration in the Sobolev space with
reproducing kernel

S

Kixy) =TT (1 +2Bi()Bi () + 5 Ball = i)
i=1
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Integration in Sobolev spaces

Similar results hold for the mean square worst-case error of digitally

shifted polynomial lattices for integration in the Sobolev space with
reproducing kernel

S

Kixy) =TT (1 +2Bi()Bi () + 5 Ball = i)
i=1

Theorem (Dick, Kuo, P., Sloan 2005)

= z
e%(q,p) < % fore >0

where N = p™.
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Integration in Sobolev spaces

Theorem (Baldeaux, Dick 2010)

Scrambled polynomial lattice point sets yield (randomized setting)

E [|:(f) — Qus(F)|?] < ;V""” for e >0

where N = b™.
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Integration in Sobolev spaces

Sobolev space with reproducing kernel

K(X,y) =
S ) ,
,-1:[1 (1 +7iB1(xi)Bi(yi) + %Bz(Xi)Bz()/i) - %84(|x,' - )’i|)> :
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Integration in Sobolev spaces

Sobolev space with reproducing kernel

K(X,y) =

S 2

, 24
i=1

Digitally shifted polynomial lattices over Zy + tent transformation
¢(x) =1 — |2x — 1] (Hickernell 2000) yield
Theorem (Cristea, Dick, Leobacher, P. 2008)

= C77
eé(q,p)g % fore >0

where N = 2™,

2
TT 1+ 1) a0 + 2 Bal)Balo) — 22 Bul — i) )
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Higher order polynomial lattice rules

For
k= k1™ Y 4 kob®™ L o 4 ﬁvba"_l,

where 1 <a, <---<aj,v>1and ky,...,ky €{1,...,b— 1}, define

,ua(k) =art-+ Imin(v,a) a>1
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Higher order polynomial lattice rules
For

k= /ilbal_l + Hgbaz_l 4+t /'ivba"_l,

where 1 <a, <---<aj,v>1and ky,...,ky €{1,...,b— 1}, define

Ma(k) =art-+ Imin(v,a)s a>1

For k € Ny and v > 0, define

1 if k=0,
ra(k,7) == { yb~#e(K)  otherwise.
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Higher order polynomial lattice rules
For
k= r1b 4 kob®2 7t 4o 4 g bV

where 1 <a, <---<aj,v>1and ky,...,ky €{1,...,b— 1}, define

Ma(k) =art-+ Imin(v,a)s a>1

For k € Ny and v > 0, define

NN if k=0,
a6 ) = yb~Ha(k)  otherwise.
For k = (ki,..., ks) € Nj, set
s
rcx(":’)’) = ra(kh’)/i)-
i=1
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Higher order polynomial lattice rules

Let #4.sv € L2([0,1]°) be the space consisting of all Walsh series
f= ZkeNg fwal(k) pwaly for which

0
fllw, .., = sup ———< < 00
17l keng fa(k, )
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Higher order polynomial lattice rules

Let #4 s~ C L2([0,1]°) be the space consisting of all Walsh series
f= ZkeNg fwai(k) pwalk for which

Fai(k
£l .y o= sup [fwar(k)] _

keny ra(k, )

Theorem (Dick 2008)

Let &« > 2 and let 7 : [0,1]° — R such that all mixed partial derivatives up
to order o in each variable are square integrable, then f € 7, s .
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Higher order polynomial lattice rules

Definition (Dick, P. 2006)
For s,m,n € N, m < n, choose p € Z[x], with deg(p) = n and let

qc Zb[X]s.
Then Pp, n(q, p) is the point set consisting of the b™ points

Xp = Up (%q(x)) where h € Gp .

50 / 57
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Higher order polynomial lattice rules

Definition (Dick, P. 2006)

For s,m,n € N, m < n, choose p € Z[x], with deg(p) = n and let
qc Zb[X]s.
Then Pp, n(q, p) is the point set consisting of the b™ points

h(x)

Xp = Up (mq(x)> where h € Gp .

Remark
For m = n we have P, m(a, p) = P(q, p).
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Higher order polynomial lattice rules

Definition

The dual net of P, 5(q, p) with p € Zp[x], deg(p) = n, and q € Zp[x]* is
given by

Dqp =1k € Gy, : k-q = u(mod p) with deg(u) < n— m}.
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Higher order polynomial lattice rules

Definition

The dual net of Pp, »(q, p) with p € Zp[x], deg(p) = n, and q € Zp[x]° is
given by

Dqp =1k € G, : k-q=u(mod p) with deg(u) < n— m}.

Theorem (Dick, P. 2007)
For a > 2 the worst-case error for integration in %, s 4 using Pm n(q, p) is

ex@p)= >, ralk)

keNg\{0}
trup(k)(x)€Dq,p
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Higher order polynomial lattice rules

Theorem (Baldeaux, Dick, Greslehner and P. 2010)

For any irreducible p € Z[x]| with deg(p) = n we can construct CBC
q € G, , such that

ea(q, p) < < ST farall1< T < a

— pmin(Tm,n)
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Higher order polynomial lattice rules

Theorem (Baldeaux, Dick, Greslehner and P. 2010)

For any irreducible p € Z[x]| with deg(p) = n we can construct CBC
q € G, , such that

Cs7a7‘y77—
pmin(7m,n)

en(q, p) < forall1 <71 < a.

@ Choosing n large we obtain a convergence order of N=“*¢ for ¢ > 0
where N = b™.

@ This convergence rate is essentially best possible (Sharygin).

Friedrich Pillichshammer (Linz/Austria)

Polynomial Lattice Rules 52 / 57




Higher order polynomial lattice rules

Corollary

Suppose Y 72, 7}/7 < 00, then ¢s o ~,r < Coo,a,~,7 < 00 and we have

c
ea(q*, p) < % forall1 <7< a.
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Higher order polynomial lattice rules

Corollary

1
Suppose Y2, ; /™ < 50, then Cs,a,y,r < Coo,ay,r < 00 and we have

c
ea(qf, p) < —22VT forall 1 <7 < a.

— pmin(Tm,n)

Optimal convergence rates for a range of smoothness parameters.
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Higher order polynomial lattice rules

Corollary

1
Suppose > 7; /™ < 50, then Coayr < Cooanyr < 00 and we have

C
ea(q*, p) < o0, T

_W fOI’a”].ST<Oé.

Optimal convergence rates for a range of smoothness parameters.
Sieve principle: Let A, B C X, |X| < co. If |A,|B| > |X]|/2, then
|ANB| > 0.
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Higher order polynomial lattice rules
Let 5 €N, > 2and set n=[m. Let p € Zp[x], deg(p) = Gm.
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Higher order polynomial lattice rules
Let 6 €N, > 2and set n=(m. Let p € Z|x], deg(p) = Bm.

Sieve Algorithm
@ Find [(1— 371)b5™%| 4 1 vectors q in Gp gm Which satisfy

@ =
ex(q,p) S “PYETIETER forall L< Ty <2,

and label this set 7>.
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Higher order polynomial lattice rules
Let 6 €N, > 2and set n=(m. Let p € Z|x], deg(p) = Bm.

Sieve Algorithm
@ Find [(1—371)b"™ | +1 vectors q in Gf 5, which satisfy

@ =
ex(q,p) S “PYETIETER forall L< Ty <2,

and label this set 7>.
@ Then find [(1 —2871)b%™s| + 1 vectors q in 7> which satisfy

Cs,b =3
e3(q, p) < = ’7’51’)':3’57’0‘ B forall1<73<3

and label this set 73.
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Higher order polynomial lattice rules
Let 6 €N, > 2and set n=(m. Let p € Z|x], deg(p) = Bm.

Sieve Algorithm
@ Find [(1—371)b"™ | +1 vectors q in Gf 5, which satisfy

C =
e(q, p) < s’b’“”s[’)';’f,’a 2T forall 1< 7 < 2,

and label this set 7>.
@ Then find [(1 —2871)b%™s| + 1 vectors q in 7> which satisfy

Cs,b =3
e3(q, p) < = ’7’51’)':3’57’0‘ B forall1<73<3

and label this set 73.

@ In the same way we proceed to construct the sets 7z, ...,73. Select

q* to be any vector from 73.
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Higher order polynomial lattice rules

Combination of the Sieve Algorithm and the CBC approach yields:

Theorem (Baldeaux, Dick, Greslehner, P. 2010)

Let s,m,3 € N, 3 > 2, then one can construct a vector q € G, 8m such

that

< Csvb7a76’7a7—a

ea(q, p) < bram forall1 <7, <«

and for all 2 < a < 3.
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Comparison lattice rules — polynomial lattice rules

lattice rules — polynomial lattice rules
property || LR | PLR
discrepancy bounds || YES | YES
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Comparison lattice rules — polynomial lattice rules

lattice rules — polynomial lattice rules

property || LR | PLR
discrepancy bounds YES | YES
tractability properties YES | YES
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Comparison lattice rules — polynomial lattice rules

lattice rules — polynomial lattice rules

property | LR | PLR
discrepancy bounds YES | YES
tractability properties YES | YES
CBC construction YES | YES
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Comparison lattice rules — polynomial lattice rules

lattice rules — polynomial lattice rules

property | LR | PLR
discrepancy bounds YES | YES
tractability properties YES | YES
CBC construction YES | YES
fast CBC construction YES | YES
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Comparison lattice rules — polynomial lattice rules

lattice rules — polynomial lattice rules

property | LR | PLR
discrepancy bounds YES | YES
tractability properties YES | YES
CBC construction YES | YES
fast CBC construction YES | YES
extensible rules YES | YES
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Comparison lattice rules — polynomial lattice rules

lattice rules — polynomial lattice rules

property | LR | PLR
discrepancy bounds YES | YES
tractability properties YES | YES
CBC construction YES | YES
fast CBC construction YES | YES
extensible rules YES | YES
tent transformation YES | YES
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Comparison lattice rules — polynomial lattice rules

lattice rules — polynomial lattice rules

property | LR | PLR
discrepancy bounds YES | YES
tractability properties YES | YES
CBC construction YES | YES
fast CBC construction YES | YES
extensible rules YES | YES
tent transformation YES | YES
optimal conv. for smooth periodic fcts. YES | YES
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Comparison lattice rules — polynomial lattice rules

lattice rules — polynomial lattice rules

property | LR | PLR
discrepancy bounds YES | YES
tractability properties YES | YES
CBC construction YES | YES
fast CBC construction YES | YES
extensible rules YES | YES
tent transformation YES | YES
optimal conv. for smooth periodic fcts. YES | YES
... for smooth non periodic fcts. + tractability | NO | YES
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Comparison lattice rules — polynomial lattice rules

lattice rules — polynomial lattice rules

property | LR | PLR
discrepancy bounds YES | YES
tractability properties YES | YES
CBC construction YES | YES
fast CBC construction YES | YES
extensible rules YES | YES
tent transformation YES | YES
optimal conv. for smooth periodic fcts. YES | YES
... for smooth non periodic fcts. + tractability | NO | YES
scrambling NO | YES
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Comparison lattice rules — polynomial lattice rules

lattice rules — polynomial lattice rules

property | LR | PLR
discrepancy bounds YES | YES
tractability properties YES | YES
CBC construction YES | YES
fast CBC construction YES | YES
extensible rules YES | YES
tent transformation YES | YES
optimal conv. for smooth periodic fcts. YES | YES
... for smooth non periodic fcts. + tractability | NO | YES
scrambling NO | YES
exponential convergence YES | 777

Friedrich Pillichshammer (Linz/Austria)
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