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The result of Aicke Hinrichs

Multivariate Integration :

Id(f) =

∫

Dd

f(x) ρd(x) dx for all f ∈ H(Kd)

with Dd ⊂ R
d, ρd – prob. density function

R

Dd

R

Dd
Kd(x, y)ρd(x)ρd(y) dx dy < ∞

Importance Sampling: ωd – prob. density function

An,d,ωd
(f) =

1

n

n
∑

j=1

f(xj)
ρd(xj)

ωd(xj)

eran(An,d,ωd
) = sup

‖f‖H(Kd)≤1

[

Eωd
(Id(f) − An,d,ωd

(f))
2
]1/2
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The result of Aicke Hinrichs

Theorem

• If Kd(x, y) ≥ 0 ∀x, y ∈ Dd then ∃ωd

eran(An,d,ωd
) ≤

(π

2

)1/2 1√
n

eran(0)

• For all ε ∈ (0, 1) and d ∈ N, if

n =

⌈

π

2

(

1

ε

)2
⌉

then

eran(An,d,ωd
) ≤ ε eran(0)

Strong polynomial tractability with exponent ≤ 2

independently of the smoothness of functions from H(Kd)
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Lower Bounds

Assumptions:

• H(Kd) tensor product, ρd(x) = ρ1(x1)ρ1(x2) · · · ρ1(xd)

Kd(x, y) =
d
∏

j=1

K1(xj , yj) ∀x, y ∈ Dd = Dd
1

• K1 decomposable, Novak+W [2001], ∃ a∗ ∈ R

K1(x, y) = 0 x ≤ a∗ ≤ y, x, y ∈ D1

• D(0) = {x ∈ D1 | x ≤ a∗} D(1) = {x ∈ D1 | x ≥ a∗}

I1

∣

∣

∣

∣

H(D(0))

6= 0 and I1

∣

∣

∣

∣

H(D(1))

6= 0
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Main result

Let

nran(ε, Id) = min{n | ∃An eran(An) ≤ ε eran(0) }

Then

nran(ε, Id) ≥
⌈

1

8

(

1

ε

)2
⌉

∀ ε ∈ (0, 1) d ≥ 2 ln ε−1 − ln 2

ln α−1

and if K1 ≥ 0

nran(ε, Id) ≤
⌈

π

2

(

1

ε

)2
⌉

∀ ε ∈ (0, 1) ∀ d

with α ∈ [1/2, 1) depending on H(K1) and ρ1.

Strong polynomial tractability with exponent 2

PS. How Aicke saved our work...
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Example: Sobolev Spaces

Space:

H(K1) =
{

f : R → R | f(0) = f ′(0) = · · · f (r−1)(0) = 0, f (r) ∈ L2(R)
}

Inner Product: 〈f, g〉H(K1)
=
∫

R
f (r)(x) g(r)(x) dx

Reproducing kernel:

K1(x, y) = 1M (x, y)

∫ ∞

0

(|x| − u)r−1
+ (|y| − u)r−1

+

[(r − 1)!]2
du,

where 1M (x, y) = 1 for xy ≥ 0, 1M (x, y) = 0 otherwise

K1 ≥ 0, K1(x, y) = 0 for x ≤ a∗ = 0 ≤ y
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Example: Sobolev Spaces

Gaussian integration: Id(f) =
∫

Rd f(x)
∏d

j=1

exp(−x2
j/2)√

2π
dx

Randomized Setting:

nran(ε, Id) ≥
⌈

1

8

(

1

ε

)2
⌉

∀ ε ∈ (0, 1) d ≥ 2 ln ε−1 − ln 2

ln 2

nran(ε, Id) ≤
⌈

π

2

(

1

ε

)2
⌉

∀ ε ∈ (0, 1) ∀ d

for all smoothness parameters r ≥ 1

Worst Case Setting: Novak + W [2001]

nwor(ε, Id) ≥ (1 − ε2)2d ∀ ε ∈ (0, 1) ∀ d

Curse of Dimensionality
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Example: Sobolev spaces

Asymptotic: d fixed and ε → 0

Randomized Setting :

nran(ε, Id) = Θ

(

(

1

ε

)1/(r+1/2)
)

modulo logarithms

Worst Case Setting :

nwor(ε, Id) = Θ

(

(

1

ε

)1/r
)

Quite different from tractability behavior
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Example: Centered Discrepancy

Space:

H(K1) =
{

f : [0, 1] → R | f( 1
2 ) = 0, f ′ ∈ L2([0, 1])

}

Inner Product: 〈f, g〉H(K1)
=
∫ 1

0
f ′(x) g′(x) dx

Reproducing kernel:

K1(x, y) = 1M (x, y) min
(

|x − 1
2 |, |y − 1

2 |
)

where 1M (x, y) = 1 for (x− 1
2 )(y − 1

2 ) ≥ 0, 1M (x, y) = 0 otherwise

K1 ≥ 0, K1(x, y) = 0 for x ≤ a∗ = 1
2 ≤ y
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Example: Centered Discrepancy

Uniform integration: Id(f) =
∫

[0,1]d
f(x) dx

Randomized Setting:

nran(ε, Id) ≥
⌈

1

8

(

1

ε

)2
⌉

∀ ε ∈ (0, 1) d ≥ 2 ln ε−1 − ln 2

ln 2

nran(ε, Id) ≤
⌈

π

2

(

1

ε

)2
⌉

∀ ε ∈ (0, 1) ∀ d

Worst Case Setting: Novak + W [2001]

nwor(ε, Id) ≥ (1 − ε2)2d ∀ ε ∈ (0, 1) ∀ d

Curse of Dimensionality
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Example: Centered Discrepancy

Asymptotic: d fixed and ε → 0

Randomized Setting :

nran(ε, Id) = Θ

(

(

1

ε

)2/3
)

modulo logarithms

Worst Case Setting :

nwor(ε, Id) = Θ

(

(

1

ε

)1
)

Quite different from tractability behavior
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Generalizations

• For decomposable kernels, lower bounds hold for all

tensor product linear functionals Id. However, upper

bounds of Aicke Hinrichs hold, so far, only for

multivariate integration...

• For kernels with a decomposable part, different lower

bounds hold for all tensor product linear functionals Id.

However, they are not so sharp...
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Conclusions

• To obtain tractability, weighted spaces are not necessary

for linear functionals in the randomized setting unlike in

the worst case setting

• For unweighted spaces, the exponent of strong

polynomial tractability does not depend on the

smoothness of functions

• Weighted spaces are needed if we want to decrease the

exponent of the strong polynomial tractability
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