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| The result of Aicke Hinrichs|

Multivariate Integration

Ia(f) = i f(x) pa(x)dz  foran  fe H(Ky)

with D, c R?, p; — prob. density function fDd fDd Kq(z,y)pq(z)pq(y) dedy < oo
Importance Sampling: w; — prob. density function

An,d,wd (f)

1/2

e (Andw,) = sup [Ewd (Ia(f) = Andwa ()

W fll e xe gy <1
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| The result of Aicke Hinrichs|

T heorem

o If Ky(x,y)>0 Vz,ye D; then Jwy

7r)1/2 1

e (An,d,wcz ) < (_

2 eran(())

e For all cc (0,1) and d e N, if

Strong polynomial tractability with exponent < 2
independently of the smoothness of functions from H(K,)
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Lower Bounds|

Assumptions:

e H(K,) tensor product, pa(x) = p1(x1)p1(x2) - p1(xq)

d
Kq(z,y) = || K1(zj,y;) Va,y€ Dg= DY
j=1

e K decomposable, Novak+4Ww [2001], da" e R

Ki(r,y)=0 x<a <y, =zy€D

e Dopy={re€Di| z<a*} Dyy={recDi| x>a"}

14 7é 0 and I, 7é 0
H (D)) H(D 1))
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| Main result |

n'®(e,I;) = min{n | JA, €e?"(A4,) <ee?(0) }

2Ine 1 —In 2
>
In o1

nran (E:’ Id)

and if Ky > 0

2
n'® (e, I;) < )—‘ Vee (0,1) Vd

with a € [1/2,1) depending on H(K7) and p;.

Strong polynomial tractability with exponent 2

PS. How Aicke saved our work...
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|Examp|e: Sobolev Spaces|

Space:
H(K) = {f:R=R| f(0) = f'(0) = fC70(0) =0, ") € Ly(R)}

Inner Product: (f,9) ) = Jp [ (2) ") (z)dz
Reproducing kernel:

r—1

Ki(e) = (o) [ T e,

where 1y (x,y)=1 for xy >0, 1lpy(z,y) =0 otherwise

Kl 207 Kl(:c,y):()

MCQMC 2010 7



Henryk WozniakowskKi Lower Bounds

Example: Sobolev Spaces|

Y
Gaussian integration: I,(f) = [, f(z) [T5_; eXp(ﬂ_;m dx
Randomized Setting:

2ln e~ 1 —1n 2
In 2

ran _1 1 ’
n (€,Id) > g — Ve e (O, 1) d >

€

T (1

2 \ e

Rt (e 1) < ()Zw Vee (0,1) Vd

for all smoothness parameters r > 1

Worst Case Setting: Novak 4+ W [2001]
n"r (e, 15) > (1 —€?)2¢ Vee(0,1) Vd

Curse of Dimensionality
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Example: Sobolev spaces

Asymptotic: d fixed and e— 0

Randomized Setting :

nran (8, Id)

Worst Case Setting :

nWOl" (8, Id)

Quite different from tractability behavior
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|Example: Centered Discrepancy|

H(Kl):{f[071]_>R| f(%):()a f/ELQ([()le}

Inner Product: (f,9)y ) = fol f'(x) ¢ (x)dx

Reproducing kernel:
Ki(z,y) = Ly (z,y) min (|2 — 3/, [y — 5])
where 1,/(z,y) =1 ly(z,y) =0 otherwise

Ki >0, <a =5<y
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Example: Centered Discrepancy

Uniform integration:  I4(f) = [, . f(z)dz

Randomized Setting:

2
2In e ! —In 2
pten (e Tp) > ( )l Vee (0,1) d>-2& —F

In 2

nn (e, I;) < (ﬂ Vee (0,1) Vd

Worst Case Setting: Novak 4+ W [2001]
n"r (e, 15) > (1 —€?)2¢ Vee(0,1) Vd

Curse of Dimensionality
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Example: Centered Discrepancy

Asymptotic: d fixed and e— 0

Randomized Setting :

nran (8, Id)

Worst Case Setting :

nWOl" (8, Id)

Quite different from tractability behavior
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| Generalizations |

e For decomposable kernels, lower bounds hold for all
tensor product linear functionals ;. However, upper
bounds of Aicke Hinrichs hold, so far, only for
multivariate integration...

For kernels with a decomposable part, different lower
bounds hold for all tensor product linear functionals ;.
However, they are not so sharp...
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| Conclusions

e TO obtain tractability, weighted spaces are not necessary
for linear functionals in the randomized setting unlike in
the worst case setting

For unweighted spaces, the exponent of strong
polynomial tractability does not depend on the
smoothness of functions

Weighted spaces are needed if we want to decrease the
exponent of the strong polynomial tractability
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